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SUMMARY 
The character is t ics  method i s  presented f o r  computing highly underexpanded 
f ree- je t  boundary contours. 
culations t o  very high pressure r a t io s  and large distances downstream of t he  
nozzle ex i t ,  has been incorporated i n t o  a computer program which f a c i l i t a t e s  
rapid calculations of j e t  exhaust character is t ics .  Computer programs wri t ten 
i n  FORTRAN language are  presented fo r  the  leading character is t ic  l ine ,  corner 
expansion fan, and the  character is t ic  network. An experimental investigation, 
undertaken t o  ver i fy  the  theore t ica l  procedure, consisted of obtaining schlieren 
photographs of unheated j e t  exhaust boundaries from nozzles having design e x i t  
Mach numbers of 1.0, 2.22, and 5.0. 
This procedure, permitting extension of t he  cal-  
Theoretical j e t  boundaries have been calculated and contour p lo ts  developed 
which permit construction of j e t  boundaries a t  any r a t i o  of nozzle-exit pressure 
t o  ambient pressure up t o  107, 106, and 0.5 x 104 f o r  nozzle-exit Mach numbers 
of 1.0, 5.0 (flow angle a t  nozzle l i p ,  l50), and 4.79 (flow angle a t  nozzle l i p ,  
26.50) ,  respectively. It w a s  found tha t  on logarithmic coordinates, the  maximum 
boundary s ize  varied almost l inear ly  with pressure r a t io .  Reasonable agreement 
of theore t ica l  and experimental j e t  plumes w a s  obtained over the complete range 
of pressure r a t i o s  experimentally investigated. 
INTRODUCTION 
The flow of rocket exhaust gases from highly underexpanded nozzles oper- 
a t ing  i n  near-vacuum conditions results i n  large billowing j e t  plumes. A s  a 
re su l t ,  various problems a r i s e  depending on the  vehicle a l t i tude  and the  prox- 
imity of the  rocket nozzle t o  adjacent surfaces, which may be e i the r  pa r t s  of 
t he  main vehicle or  surfaces perpendicular t o  t h e  j e t  b las t ,  such as would be 
encountered during lunar landings and take-off. For f l i g h t s  of missiles within 
t h e  atmosphere j e t  pluming can produce flow separation over the  missile after- 
body which i n  turn  a f f ec t s  the  s t a b i l i t y  character is t ics .  (See re fs .  1 t o  4.) 
The r ad ia l  flow direction of the  exhaust gases downstream of the nozzle exit  
can exceed 900 r e l a t ive  t o  the  nozzle thrust axis, depending upon such factors  
as nozzle-exit Mach number, r a t i o  of nozzle-exit pressure t o  ambient pressure, 
and the ratio of specific heats of the exhaust products. Under such circum- 
stances, stage separation effects must be evaluated with respect to forces and 
pressures on booster cases during the separation sequence. 
Structural and heating problems may be introduced during orbital rendezvous 
missions in which the use of attitude control rockets for docking or trajectory 
corrections results in direct impingement of exhaust gases on parts of the 
vehicle. 
(See ref. 5.) 
(See refs. 6 to 8.) 
Additional problems, created by the.interference of rocket exhaust plumes 
with communications between missiles and ground stations, have resulted in 
extensive research into the cause and effects of radio signal attenuation. A 
general discussion of several of the parameters influencing the propagation of 
telemetry signals through exhaust plumes is found in reference 9, and a more 
limited study of a specific missile configuration is contained in reference 10. 
A n  extensive summary of the more recent information on signal attenuation in 
solid-propellant rocket exhaust for many of the current missiles is contained 
in reference 11, and reference 12 shows that signal attenuation also occurs 
with li qui d-pr op ellant mot or s . 
Jet pluming in connection with soft lunar landings and/or take-off, and the 
possibility of crater formation due to erosion of the landing area by jet 
exhaust plumes, has been the object of both experimental and theoretical 
studies. Jet impingement on hard flat surfaces has been investigated with cold 
jets (ref. 13) and with hot jets (ref. 14). Experimental investigations of jet 
impingement on a dust-covered surface (ref. 13) indicate the possibility of 
visibility impairment and vehicle surface damage. Further theoretical studies 
of this impingement problem are contained in references 16 and 17. 
As a result of the many problems associated with highly underexpanded noz- 
zles, many studies have been made to obtain a clearer understanding of the 
exhaust plume behavior. A few of these studies are contained in references 18 
to 27 for both free jets and jets exhausting into a supersonic stream. Ekperi- 
mental confirmation of jet plume calculations by the method of characteristics 
or by empirical methods has been limited by lack of experimental data at high 
pressure ratios. 
This report presents experimental studies and theoretical studies by the 
method of characteristics of free jets exhausting into still air from sonic and 
supersonic nozzles at relatively high pressure ratios. Experimental tests, 
conducted with cold air at a total temperature of about goo F and at stagnation 
pressures up to approximately 2,400 psia, consisted of obtaining high-speed 
schlieren photographs of the jet exhaust plume. The initial phase of this 
investigation concerning experimental tests of free jets impinging on a parallel 
flat surface at ratios of total pressure to ambient pressure up to 2!5O,OOO has 
been reported in reference 8. Theoretical confirmation of the experimental pro- 
gram required extensive modifications to the characteristics method used in 
reference 18 to obtain meaningful calculations at large distances downstream of 
the nozzle exit for high pressure ratios. In view of the continued effort 
anticipated in the study of jet plumes and the complexity in setting up the 
computation procedure, the complete program for the characteristics method is 
included in this report. 
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SYMBOLS 
nozzle -exit  diameter 
distance along je t  axis  from plane of nozzle e x i t  t o  location of 
Riemann wave 
Mach number 
nozzle-exit Mach number 
s t a t i c  pressure a t  nozzle e x i t  
nozzle t o t a l  pressure 
ambient s t a t i c  pressure 
perpendicular distance from j e t  axis ,  equivalent t o  y i n  appendixes 
radius of nozzle ex i t  
diameter of  Riemann wave 
distance downstream from plane of nozzle ex i t  measured p a r a l l e l  t o  j e t  
ax is  
i n i t i a l  turning angle, measured between j e t  axis  and tangent t o  j e t  
boundary a t  t he  nozzle l i p  
r a t i o  of specif ic  heats 
angle of flow, measured between direct ion of flow and j e t  center l i ne  
nozzle half-angle, o r  angle of flow a t  nozzle l i p ,  measured between 
direction of flow and j e t  center l i n e  
Mach angle 
Prandtl-Meyer angle (angle through which a supersonic stream i s  turned 
t o  expand t o  a Mach number greater than 1) 
Prandtl-Meyer expansion angle from sonic velocity t o  nozzle-exit Mach 
number 
Prandtl-Meyer expansion angle from sonic veloci ty  t o  jet-boundary Mach 
number 
Subscript: 
m a x  m a x i m u m  
3 
APPARATUS FOR EXPERLMENTAL STUDIES 
T e s t  Setup and Procedure 
The pr inc ipa l  pa r t  of the  experimental investigation t o  obtain schlieren 
observations of f r ee - j e t  flow f i e l d s  was conducted i n  t he  41-foot-diameter 
vacuum sphere a t  the  Langley Research Center with t h e  tes t  setup as shown i n  
figure l ( a ) .  
900 F, and of suf f ic ien t  volume t o  maintain essentially a constant nozzle stag- 
nation pressure during a t e s t  run, w a s  supplied t o  the nozzles through a 
3/4-inch-diameter supply pipe. A n  e lec t r i ca l ly  operated solenoid valve located 
just  upstream of t he  nozzle permitted a rapid s t a r t  sequence. 
t e s t ing  t i m e  of approximately 30 seconds the  r a t i o  of t o t a l  pressure t o  ambient 
pressure w a s  reduced from a value of approximately 250,000 down t o  about 20,000. 
A i r  from a tank f a r m  pressurized t o  approximately 2,400 psia  and 
Over a t o t a l  
Nozzle stagnation pressures were measured by a 3,000-psia pressure t rans-  
ducer located between the  e l ec t r i ca l ly  operated solenoid value and the  nozzle . 
i n l e t  be l l .  
approximately 0.4 mm Hg (0.0077 ps ia )  were a t ta ined  with vacuum pumps and meas- 
ured with a McLeod gage. The change i n  sphere ambient pressure with time was 
measured by a pressure transducer cal ibrated from 0.005 t o  0.100 psia.  All 
pressure measurements were continually recorded on oscillograph paper. With the  
tes t  nozzle i n  operation, t he  sphere pressure increased l inear ly  with time; 
therefore, t he  r a t i o  of t o t a l  pressure t o  ambient pressure decreased inversely 
with time. 
(See in se r t  i n  f i g .  l ( a ) . )  I n i t i a l  p re tes t  sphere pressures of 
High-speed 16-III~ motion pictures  of the  exhaust plume w e r e  obtaiged from a 
double-pass schlieren system. A 29-inch-diameter parabolic mirror was mounted 
about 4 f ee t  behind the  nozzle (as  shown i n  f i g .  l ( a ) ) ,  and both the camera and 
schlieren l i g h t  source were located on the  equator of the vacuum sphere i n  the 
monitoring room. The camera was synchronized with the  flashing l i gh t  source and 
operated a t  about 750 frames per second. Timing marks recorded on the edge of 
the  fi lm from a 60-cycle f lashing l i g h t  source permitted a correlation of the 
motion pictures  with a p lo t  of pressure r a t i o  against  time. 
Supplementary experimental data were obtained i n  the  low-pressure-ratio 
t es t  f a c i l i t y  shown i n  f igure l ( b )  . This t e s t  setup permitted operation a t  a 
constant pressure r a t i o  and adjustment of the  single-frame schlieren system f o r  
m a x i m u m  sens i t iv i ty .  The la rger  nozzles t e s t ed  i n  t h i s  f a c i l i t y  improved the  
qual i ty  of the schlieren photographs of the  free-jet flow f ie lds .  Supply a i r  
from a large-capacity tank farm was available a t  t o t a l  pressures up t o  400 psia  
and t o t a l  temperatures of about goo F. Stagnation pressure w a s  measured by a 
total-pressure tube located a t  the  out le t  of a s m a l l  s e t t l i n g  chamber as shown 
i n  the  figure.  With a nozzle i n  operation, values of ambient pressure as  low 
as 0.3 psia  could be held constant over long periods of time by using a se r i e s  
of compressors as vacuum pumps. Ambient pressure i n  t h i s  f a c i l i t y  w a s  measured 
with a mercury manometer. 
4 
Test Nozzles 
Sketches of the two nozzles used for  the high-pressure-ratio t e s t s  i n  the 
41-foot vacuum f a c i l i t y  are shown i n  figure 2 (a ) .  
( M j  = 1.0) had an ex i t  diameter of 0.125 inch, and the converging-diverging 
conical nozzle, hsving a nominal design Mach number of 5.0, based on inviscid 
flow, had an ex i t  diameter of 0.625 inch, an area r a t i o  of 25, and a half-angle 
of 150. For some t e s t s  conducted with the  nominal M = 5.0 nozzle, a s t a t i c -  
pressure o r i f i ce  in s t a l l ed  i n  the diverging wall j u s t  upstream of the  ex i t  indi-  
cated an ac tua l  e x i t  Mach number of 4.79. 
The converging nozzle 
The i n i t i a l  phase of t h i s  investigation ( r e f .  8) reported tha t  measure- 
ments of the i n i t i a l  turning angle of the flow a t  the  nozzle ex i t  
from a ser ies  of photographic enlargements of the Mach 5 nozzle, indicated a 
substant ia l ly  la rger  value of expansion half-angle 
value. 
(see,  for  example, r e f .  19).  With vN and v1 determined f romthe  estimated 
ex i t  Mach number of 4.79 and the experimental value-of the  r a t i o  of ambient 
pressure t o  t o t a l  pressure, respectively,  the  e f fec t ive  nozzle half-angle 
was computed t o  be 26.5i0, or  about 11.3' greater  than the inviscid design value. 
The difference between the measured and calculated value of %, when correlated 
with a Reynolds number of about 13 x 106 based on nozzle-exit conditions and 
diffuser  conical length, compares favorably with the  r e su l t s  of reference 3 .  
The larger  effect ive nozzle half-angle i s  believed t o  be due t o  a combination 
of factors ,  including small-scale model s ize ,  sharp corners a t  the nozzle 
throa t ,  boundary-layer growth, and a thinning of the boundary layer a t  the noz- 
z l e  ex i t .  It i s  evident t h a t  more research i s  needed i n  t h i s  area; and u n t i l  
experimental r e su l t s  indicate  otherwise, it i s  believed t h a t  8N w i l l  corre- 
spond t o  the geometric angle f o r  large-scale models. 
uN, obtained 
8" than the inviscid design 
a~ = v1 - vN + 8N This comparison was performed by using an expression, 
BN 
The two large-scale models tes ted  i n  the low-pressure-ratio f a c i l i t y  a re  
shown i n  figure 2 (b ) .  
diameters of 0.707 inch. The M. = 2.22 contoured nozzle was designed by the  
method of charac te r i s t ics  fo r  p a r a l l e l  flow a t  the ex i t .  Nozzle coordinates 
a re  tabulated on the  f igure.  
Both nozzles had smooth entrances and minimum throat  
J 
RESULTS AND DISCUSSION 
Basic Considerations 
J e t  exhaust description.- Pr ior  t o  a discussion of theore t ica l  and experi- 
mental-r-e-sats, a few of t he  more basic fundamentals of j e t  exhaust plumes will 
be considered. Rocket nozzles a re  usually c l a s s i f i ed  e i the r  a s  conical or con- 
toured. The exhaust gases leave a conical nozzle i n  a r ad ia l  direct ion whereas 
the  contoured nozzle i s  designed f o r  exhaust flow p a r a l l e l  with the a x i a l  center 
l ine .  Regardless of the type of nozzle used the s t ruc ture  of the exhaust j e t s  
produced by operating these nozzles i n  a highly underexpanded condition i s  %b 
5 
basical ly  similar,  as shown by the  i l l u s t r a t i o n  i n  f igure 3 .  Some of the more 
important fea tures  of a typ ica l  exhaust plume consist  of the  leading character- 
i s t i c  l i ne ,  i n t e rna l  shock, j e t  boundary, and normal shock. 
The leading charac te r i s t ic ,  or  Mach l i n e ,  as determined from the  nozzle- 
ex i t  Mach number, i s  a s t ra ight  l i n e  f o r  the contoured nozzle and forms the  
familiar Mach cone. A l l  flow conditions along t h i s  Mach l i n e  and within the  
Mach cone, including M, 0 ,  p, and v ,  are  constant. For the conical nozzle 
the leading charac te r i s t ic  l i n e  i s  curved and flow conditions a re  d i f fe ren t  f o r  
each point downstream of the  nozzle ex i t .  
leading charac te r i s t ic  l i n e  i s  contained i n  appendix A. For both nozzles, how- 
ever, when operating a t  or above the  design pressure r a t i o  the leading charac- 
t e r i s t i c  serves a s  a dividing l i n e  between two d i f fe ren t  flow regions. 
i n t e rna l  region (Mach cone or  r a d i a l  flow zone) bounded by t h i s  l i n e  consists 
of a zone of zero external  influence i n  which flow propert ies  a re  determined 
s t r i c t l y  from nozzle design c r i t e r i a .  
bordered by the j e t  boundary, t he  r a t i o  of stagnation pressure t o  ambient pres- 
sure i s  the  control l ing fac tor  with respect t o  s ize  and shape of the j e t  plume. 
A more de ta i led  discussion of the  
The 
In the  region external  of t h i s  l i n e  and 
I n  the  region bounded by the  leading charac te r i s t ic  l i ne ,  the a x i a l  center 
l i ne ,  the normal shock, and the in t e rna l  shock, t he  controll ing factors  a re  the 
corner expansion fan or iginat ing a t  the  nozzle l i p  and the  overal l  three- 
dimensional nature of t he  flow. The charac te r i s t ic  net comprising t h i s  region 
i s  made up ent i re ly  of an expansion network i n  which the  flow i s  isentropic.  
Mach numbers within this area a re  therefore continually increasing, both with 
distance downstream of the  nozzle ex i t  and a l so  i n  a direct ion perpendicular t o  
the a x i a l  center l i n e  out t o  the  posit ion of the  in t e rna l  shock. 
The in t e rna l  shock i s  formed by the  coalescence of inf ini tes imal ly weak 
compression waves re f lec ted  from the  je t  boundary. A t  pressure r a t i o s  s l i gh t ly  
above the nozzle design value of 1.0 the  internal-shock system forms the  f a m i l -  
i a r  diamond pat tern.  A s  pressure r a t i o  increases a normal shock forms and the 
in t e rna l  shock approaches the  j e t  boundary. The in t e rna l  shock or iginates  near 
the nozzle e x i t  and increases i n  strength with distance downstream of the noz- 
z le .  In  t ravers ing the  in t e rna l  shock i n  a direct ion perpendicular t o  the  noz- 
z le  ax ia l  center l i ne ,  a sharp Mach number discontinuity ex i s t s  followed by a 
gradual decrease t o  the  f i n a l  boundary value. The j e t  boundary, a s  the name 
implies, defines the external shape of the exhaust plume and i s  the separation 
l i n e  between ambient conditions and flow from the  exhaust nozzle. 
j e t  boundary i s  ignored i n  t h i s  presentation. 
Mixing a t  the  
Factors a f fec t ing  exhaust plume.- The primary parameters which influence 
exhaust plume s i z e  and shape a re  M j ,  BN, 7, pj ,  and p,. Of these param- 
e t e r s  M j ,  BN, and p a re  constant and dependent only upon nozzle design 
parameters and chamber stagnation pressure. In  real-gas flow the r a t i o  of 
specif ic  heats 7 varies  t o  some degree with the reduction i n  exhaust gas t e m -  
perature produced i n  the  expansion process, and the  s t a t e  of equilibrium of the  
flow. 
frozen equilibrium has been assumed; therefore,  y remains constant. The 
remaining parameter i s  ambi.ent pressure 
&%pressed a s  nonmens iona l  pressure r a t io ,  p j/pm. 
6 
j 
In order t o  prevent fur ther  complications of the calculation procedure, 
which var ies  with a l t i t ude  and i s  p, 
li 
Highly underexpanded exhaust nozzles have an excess of pressure p j  a t  
the nozzle e x i t ,  and, a s  a r e su l t ,  the  exhaust gases leaving the  nozzle e x i t  
must expand u n t i l  the  pressure i s  equal t o  the surrounding or  ambient pressure. 
A t  near vacuum values of ambient pressure, even moderate nozzle-chamber pres- 
sures produce very large values of p p,. It i s  a t  these high pressure r a t i o s  
t h a t  concern a r i s e s  as  t o  the  maxi" angle through which the  exhaust gases 
expand and the overal l  s i ze  and shape of the  plume. 
31 
I n i t i a l  turning angle.- The method of calculating the  i n i t i a l  turning 
angle a t  t he  nozzle l i p  i s  shown i n  f igure 4 along with a sketch of the  i n i t i a l  
section of the j e t  boundary. A l s o  l i s t e d  a re  the  controll ing parameters pre- 
viously discussed. Since the  circumference of t he  nozzle e x i t  can be considered 
t o  be made up of a large number of s t ra ight  l i n e  segments, the  flow just a t  t he  
nozzle l i p  can be c l a s s i f i ed  a s  two dimensional. Furthermore the  absence of 
shocks a t  the  nozzle e x i t  indicates  an isentropic  expansion of the flow t o  the  
ambient pressure. 
(Av = "1 - vN) i s  the  difference between the  Prandtl-Meyer expansion angles 
corresponding t o  the  jet-boundary Mach number and the  nozzle-exit Mach number. 
Boundary Mach number, the  only unknown i n  determining vl, depends upon the 
a l t i t ude ,  with i t s  corresponding ambient pressure p,, and the nozzle t o t a l  
pressure pt 
angle 
The flow angle through which the  flow w i l l  expand 
Inclusion of t he  flow direct ion as  imparted by the  nozzle ha l f -  ,j* 
0~ completes the  equation f o r  finding the  in i t ia l  turning angle: 
An indication of the  magnitude of t he  i n i t i a l  turning angle and the  varia- 
For a t i on  with pressure r a t i o  i s  shown i n  f igure 5 fo r  two different  nozzles. 
perfect  gas (7 = 1.4) the  maximum Prandtl-Meyer angle through which the  flow 
might expand a t  an i n f i n i t e  pressure r a t i o  i s  shown i n  reference 28 t o  be 
130.45O. 
expansion occurs within the  nozzle proper t o  a t t a i n  a given e x i t  Mach number, 
or  ex-bernal i n  which the process i s  concluded by expanding t o  ambient conditions 
a f t e r  the  gas has l e f t  t he  nozzle. I n  order t o  achieve t h e  maximum turning 
angle (130.450) a l l  of t he  expansion i s  required t o  occur external  of the  noz- 
z l e  a s  i s  shown fo r  the 
not desirable,  since external  expansion i s  synonymous with l o s s  i n  thrust per- 
formance. From the standpoint of increasing propulsive efficiency, it i s  
desirable t o  increase the  Mach number of t h e  nozzle i n  order t o  achieve as much 
in t e rna l  expansion a s  possible. 
place a l i m i t  on the nozzle design Mach number, which i n  turn  precludes having 
a l l  i n t e rna l  expansion, par t icu lar ly  f o r  high-alt i tude operations. 
of these l imitat ions,  nozzles a re  usually designed f o r  a moderate supersonic 
Mach number such a s  the  
angle f o r  t h i s  pa r t i cu la r  design Mach number and nozzle half-angle i s  only 
about 690. 
The expansion process may be e i the r  i n t e rna l  i n  which pa r t  of the 
M j  = 1.0 case i n  figure 5;  however, t h i s  s i tua t ion  i s  
S t ruc tura l  and weight l imitat ions,  however, 
A s  a resul-t; 
The maximum turning M j  = 5.0 case shown i n  figure 5.  
7 
If the  M. = 5.0 nozzle of f igure 5 were contoured fo r  ax ia l  flow a t  the  
c [ r ~  = Oo, similar t o  the  ex is t ing  curve, and located 
J 
ex i t ,  
be a curve or iginat ing a t  
l5O lower a t  any selected pressure r a t io .  
ON = 00, the  var ia t ion of i n i t i a l  turning angle with pressure r a t i o  would 
It would appear from the  previous discussion t h a t  r e s t r i c t ions  of the  
turning angles t o  moderate values might not be too d i f f i c u l t .  
flows a re  encountered the  i n i t i a l  turning angle may be much higher than those 
indicated i n  f igure 5 .  A s  an example, i n i t i a l  turning angles with a l l  external  
expansion reach maximum values a s  high a s  243' fo r  
7 = 1.20 
of the expansion process w i l l  be in te rna l ,  a s  has previously been shown, these 
numbers serve t o  i l l u s t r a t e  t h a t  i n i t i a l  turning angles approaching and even 
exceeding 900, depending upon the value of 7 ,  should not be unexpected. 
When real-gas 
7 = 1.15, and 2O3O f o r  
(see r e f .  29), i n  comparison with 130.45O f o r  7 = 1.4. Although some 
Theoretical Results 
Method of calculations.-  The method of charac te r i s t ics  used i n  calculating 
free-  j e t  boundaries,-by using three-dimensional i r r o t a t i o n a l  equations of flow 
and the "foldback" procedure, has been well established i n  reference 18. How- 
ever, cer ta in  l imi ta t ions  a r i s e  i n  using the foldback method a s  the pressure 
r a t i o  increases. These l imitat ions r e s t r i c t  the  range'of computations t o  a 
region close t o  the  nozzle e x i t .  In  order t o  obtain complete contours of the 
j e t  boundary out t o  the  maximum diameter of the j e t  plume a t  the higher pres- 
sure r a t io s ,  it became necessary t o  eliminate the  foldback portion of the  cal-  
culations and develop a procedure i n  which the  outer region of the character- 
i s t i c  net would be developed similar t o  t h a t  of the  ac tua l  flow. 
of the calculation procedure including equations and a complete FORTRAN (FORmula 
TRANslation) writeup i s  included i n  the appendixes. 
description of the revised charac te r i s t ic  network obtained by eliminating the 
foldback i s  included here. 
A description 
Consequently, only a br ie f  
A segment of a t yp ica l  charac te r i s t ic  network i s  shown i n  f igure 6 and 
i l l u s t r a t e s  points of primary i n t e r e s t  i n  the revised calculations procedure. 
The nozzle-exit center l i n e  i s  located a t  the top of t he  figure and f l o w  from 
the  nozzle i s  from l e f t  t o  r igh t .  The i n i t i a l  turning angle a t  the nozzle e x i t  
UN 
visual izat ion of the  charac te r i s t ic  network. Three primary types of l i nes  com- 
p r i se  the charac te r i s t ic  network and a re  iden t i f i ed  i n  the figure as  A, B, and 
C l ines .  Type A l i n e s  or iginate  a t  t he  nozzle l i p  and comprise the corner 
expansion fan,  whereas type B l i nes  or iginate  e i the r  on the  leading character- 
i s t i c  or on the diametrically opposite l i p .  The type C l i nes  are  referred t o  
a s  ref lected rays due primarily t o  the f ac t  t h a t  the B l i nes  s t r ike  the boundary 
and then appear t o  r e f l e c t  a s  though from a physical surface. The coalescence 
of these re f lec ted  rays, which a re  actual ly  very weak compression waves, forms 
the in t e rna l  shock previously discussed. A s  more of these waves coalesce, the 
strength of the in t e rna l  shock increases. 
i s  i n  excess of 90° and the great ly  expanded abscissa scale permits improved 
Additional in te rsec t ions  of the  corner expansion rays, A l ines ,  with the  
in t e rna l  shock, i n  addition t o  the re f lec ted  ray intersect ions,  r e su l t  i n  
obvious complications to the calculations in the region of the internal shock. 
In the foldback procedure the corner expansion rays are allowed to continue on 
past the location of the internal shock and hence no solution is required for 
intersecting lines; however, this situation does not simulate actual flow con- 
ditions. A reasonable approximation of actual flow conditions is to combine 
these rays at the point of intersection. In three-dimensional calculations rays 
are generally referred to as right-or-left-running characteristic lines (or mem- 
bers of opposite families), and by using the known flow conditions on two of 
these lines it is possible to compute a third point to complete the net. From 
the sketch in figure 6 it is observed that the intersections which must be 
handled are composed of members of the same family type of lines and must there- 
fore be handled as such. Development of appropriate equations for the solution 
of flow conditions at these intersections is presented in appendix C. 
Initially, in setting up the program for machine calculations, only two 
intersections were considered possible in between any two consecutive B lines. 
It is clear, however, that the spacing of these two consecutive characteristic 
lines determines to some extent the number of intersections that might occur. 
When more than two intersections occurred the reflected rays, which would pro- 
duce the additional intersections, were skipped and the calculations proceeded 
as though these rays were nonexistent. Omitting these points amounted to 
increasing the size of the characteristic net at this particular location with 
a subsequent small decrease in accuracy. Some of these dropped points are shown 
in figure 6 as reflected rays that are terminated before intersecting the inter- 
nal shock. 
however, to permit any number of intersections to occur between two consecutive 
B lines. 
The FORTRAN program as presented in appendix C has been revised, 
Jet boundary coordinates for M. = 1 as obtained from the revised cal- 
Coordinates are presented in a nondimensional form, 
J 
culations are compared in figure 7 with results obtained by using the foldback 
method of reference 18. 
x/ r j  and r/rj, for pressure ratios pj/pm of 20 and 45,000. Agreement 
between the two methods is good at p 
the two curves occurs at large values of 
p, = 20, but a decided deviation between 
r/r j  for pj/p, = 45,000. j/ 
. Theoretical . - _ _ _ _  jet boundaries.- Results of the calculations of jet plume 
boundaries are shown in figures 8(a) to 8(g) for the following nozzles: 
8 N  = Oo. 
such as in figure 8(a), at an expanded scale to show greater detail of the 
boundaries near the nozzle axis, and the second set showing the complete bound- 
aries (fig. 8(b)). 
boundaries but are omitted fo r  the lower pressure ratios or where crowding of 
the curves would occur. Figure 8(b) indicates that the maximum radius of the 
jet exhaust plume w i l l  be about 450 nozzle radii for a pressure ratio of 43,000, 
with the location of the maximum radius occurring approximately 1,300 nozzle 
radii downstream. A s  a result of limitations of the initial program setup, 
boundaries for the two highest pressure ratios were terminated at a radius of 
approximately 350 nozzle radii. A s  additional boundaries were computed and 
Two sets of curves are shown for some of the test nozzles - one set, 
Symbols on some of the e w e s  show point spacings on the 
9 
insight  gained i n  the  i n t r i c a c i e s  involved in  the calculation procedure, these 
' l imitations have gradually been removed. 
Similar boundaries computed f o r  a M j  = 5.0 nozzle with 8 N  = l 5 O  a r e  
shown i n  f igures  8(c)  and 8(d). 
a l l  others, pressure r a t i o s  p p, were chosen from preselected values of 
i n i t i a l  turning angle 9 
increase i n  uN. 
MA = 5.0 nozzle w a s  only about one-half of t h a t  f o r  t he  previous 
nozzle; therefore,  fewer boundaries were computed. A t  a pressure r a t i o  of 
8,143 the  boundary reached a maximum radius of 225 nozzle r a d i i  a t  a distance 
of 1,050 r a d i i  downstream of the  nozzle e x i t .  
In  the  calculations f o r  t h i s  nozzle as w e l l  as 
J/ 
on the  basis  of maintaining a r e l a t ive ly  uniform 
M j  = 1.0 
The maximum angle through which the  gas could expand f o r  the 
Boundary coordinates f o r  a M j  = 4.79 nozzle with a half-angle 8N of 
26.50 are  shown i n  f igures  8 (e )  and 8(f) f o r  pressure r a t i o s  ranging from about 
29 up t o  2,926. The m a x i m u m  computed boundary a t  p .  p, = 2,926 corresponded JJ 
188 a t  x r j  = 720. 
to r/rj = I 
The two boundaries i n  f igure 8(g)  were computed f o r  comparison with experi- 
mental r e su l t s  from a 
specif ic  pressure r a t i o s  shown. Also given are  the in t e rna l  shock coordinates 
a s  obtained from the  computer program. These shocks appear t o  or iginate  a t  some 
distance downstream of t h e  nozzle ex i t ;  however, i f  an i n f i n i t e l y  small point 
spacing i s  selected, the shock would approach the nozzle ex i t .  
M j  = 2.22 nozzle having p a r a l l e l  e x i t  flow a t  the two 
M a x i m u m  j e t  boundary coordinates.- Rapid determination of the s ize  of the 
exhaust j e t  a t  the  maximum diameter of the exhaust plume may be obtained from 
figures 9(a)  t o  9(c)  f o r  th ree  of t he  nozzles f o r  which boundaries a re  pre- 
sented. The m a x i m u m  boundary coordinates, (x/r j )= and (r/rj)", are  shown 
as a function of pressure r a t i o  on logarithmic coordinates. 
the maximum s ize  of the  j e t  boundary may be obtained f o r  any intermediate pres- 
sure r a t i o  over the  range of computed values. 
log-log paper of the  maximum boundary s ize  with pressure r a t i o  permits extrap- 
olation t o  much higher pressure r a t io s  with an expectancy of good accuracy.. 
From this f igure 
The nearly l inear  var ia t ion on 
Boundary contours from cross plots . -  Construction of additional j e t  
boundary contours a t  any intermediate pressure r a t io ,  other than those specif i -  
ca l ly  computed, may be obtained from the  p lo t s  of f igures  lO(a) t o  lO(c) f o r  
nozzles with e x i t  Mach numbers and half-angles a s  follows: M j  = 1.0, 8N = Oo; 
Mj = 5.0, These p lo t s  were obtained by 
cross p lo t t ing  f igures  8(a)  t o  8( g) a t  constant values of 
r a t io s  corresponding t o  the  computed boundaries a re  indicated by the t i c k s  a t  
the  bottom of each f igure.  It i s  noted t h a t  a l l  curves of constant x / r j  f a i r  
asymptotically i n t o  a s ingle  curve which has been shown i n  figure 9 a s  t he  var- 
i a t ion  of 
8N = 150; and M j  = 4.79, 8 N  = 26.5'. 
x r j  . The pressure f 
with pressure r a t i o .  (rPJ)max 
10 
The only calculated boundaries i n  which the  j e t  expanded i n  excess of 90° 
M j  = 1.0 w e r e  obtained fo r  t he  
are shown i n  f igure l O ( a ) .  
pressure r a t i o  of 1,852, and t h i s  i s  indicated by the  intersect ion of the  l i n e  
f o r  x / r j  = 0 with the  pressure-ratio axis.  A t  higher pressure r a t io s  double 
values of the boundary coordinate 
x/rj .  
r/rj 
pressure-ratio point f o r  each different negative value of 
nozzles, and cross p lo t s  f o r  t h i s  condition 
The i n i t i a l  turning angle f irst  reached 900 a t  a 
r/rj ex is t  f o r  a l l  negative values of 
The locus of maximum absolute negative values of x / r j  ( i n  terms of 
and pressure r a t io ) ,  as defined by a l i n e  passing through the minimum 
x/r j ,  i s  shown t o  be 
on the  order of lo7, values 
a t  values of r rj of about I 
an essent ia l ly  l i nea r  var ia t ion on log-log paper. A t  pressure r a t io s  pj/p, 
of x / r j  
150 nozzle radii. 
i n  excess of -15 nozzle r ad i i  exis't 
Experimental R e s u l t s  
Comparisons o f  experimental and theore t ica l  resu l t s . -  One of the  primary 
objectives of t h i s  investigation, i n  addition t o  computing the  j e t  boundaries, 
w a s  t o  provide experimental confirmation of the  calculation procedure. Experi- 
mental resul ts  therefore consist  of selected schlieren photographs of the free-  
j e t  flow f i e l d  obtained a t  constant flow conditions and also individual enlarge- 
ments from high-speed schlieren motion pictures  i n  which flow conditions were 
continually varying. Photographs of the j e t  plume are shown i n  f igures  11, 12, 
and 13 f o r  the  M j  = 1.0, M j  = 2.22, and nominal M j  = 5.0 nozzles, respec- 
t i ve ly .  The computed j e t  boundaries, indicated by dots on the  photographs, were 
obtained from the  cross p lo t s  of figure 10 a t  the  j e t  pressure r a t io s  corre- 
sponding t o  those of t he  photographs. The ser ies  of photographs for  the  
M j  = 1.0 nozzle shown i n  
f igures  12(a)  and 12(b) was taken i n  a t e s t  f a c i l i t y  i n  which operating condi- 
t ions  could be held constant; consequently, t he  schlieren sens i t i v i ty  could be 
adjusted for  best  resu l t s .  Conversely, results obtained from the  high-speed 
motion pictures  required a preset t ing of t he  schlieren sens i t iv i ty ,  which did 
not always prove t o  be the correct set t ing.  A s  a point of reference the gr id  
wires shown i n  figures l l ( a )  t o  l l ( h )  and figures 12(a) and 12(b) w e r e  spaced 
for  3-inch squares; f o r  the  small-scale models, figures ll(i) t o  l l ( p )  and f ig -  
ure 13, a 6-inch spacing of the  g r id  wires was used. 
nozzle i n  f igures  l l ( a )  t o  l l ( h )  and the  M j  = 2.22 
Comparisons of computed boundaries with experimental r e su l t s  fo r  the  
M j  = 1.0 nozzle i n  the  pressure-ratio range of p .  p, = 11.5 t o  pj/p, = 194.2 
( f ig s .  l l ( a )  t o  l l ( h ) )  show t h a t  excellent agreement of the  boundaries i s  
achieved. 
corresponds t o  the  location of the  maximum diameter of the  j e t  plume a s  obtained 
i n  the  calculations. Downstream of the  maximum plume diameter the  main flow 
f i e l d  appears t o  regain essent ia l ly  constant i n  size;  however, there  i s  a con- 
siderable increase i n  the  amount of turbulence along the  edge of the  je t .  
J/ 
I n  each of these photographs the  las t  point on the  theore t ica l  curve 
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For a l l  pressure r a t i o s  fo r  which photographs of the  flow f i e l d  are  shown, 
the  pressure r a t i o s  are suf f ic ien t ly  high t h a t  the  familiar shock diamonds, or 
periodic chain-like j e t  s t ructures ,  have been reduced t o  a single lobe with the 
accompanying normal shock. 
t o  consist  primarily of turbulent subsonic flow. That t he  flow i s  subsonic i s  
evident by the  lack of any additional shock s t ructure  or lobes typ ica l  of those 
generally associated with f r e e  je ts  a t  pressure r a t io s  near t h e  nozzle design 
value. The schlieren sens i t i v i ty  and viewing distance downstream of the i n i t i a l  
normal shock a re  believed t o  be suff ic ient  f o r  detection of other lobes or shock 
s t ructure  i f  they were present i n  the  flow. 
Down,stream of the normal shock the  j e t  plume appears 
Photographic enlargements of individual frames from the  motion-picture 
nozzle a t  pressure r a t io s  ranging 
film, showing the  f ree- je t  discharge from the small-scale model, are shown i n  
f igures  ll(i) t o  l l ( p )  f o r  the  
from pj/pm = 9,190 t o  pj/pm = 102,180. Again, good agreement ex i s t s  between 
the  computed and experimental j e t  boundaries. The distance over which the  
c lear ly  defined boundary ex i s t s  appears t o  be a function of pressure r a t io ;  the  
higher the  pressure r a t i o  the  greater the  length of boundary def ini t ion.  A s  
shown i n  f igure l l ( p )  the  boundary def ini t ion extends out t o  the approximate 
location of the  second gr id  wire, 12 inches or about 96 nozzle-exit diameters, 
where it begins t o  form a general fan shape and becomes l e s s  c lear ly  defined 
with increasing distance from the  nozzle. A t  the  outer edge of the photograph 
the  boundary i s  completely obscured. The fan region appears very unstable i n  
the  motion pictures  with rather  violent in-and-out fluctuations which increase 
with distance away from the  nozzle. These violent f luctuations i n  the neighbor- 
hood of the  j e t  boundary were a l so  observed and reported i n  reference 10, 
described as a turbulent mixing region, i n  which motion pictures  were made of 
the exhaust region from the  rocket motor of a second-stage f l i g h t  vehicle i n  
the  presence of an external flow f i e l d .  Motion pictures  of the  current t e s t s  
show considerable turbulence with the  computed boundary defining the  outermost 
edge of the  fan region. 
M j  = 1.0 
A n  additional point of i n t e re s t  concerns the location of the normal shock 
with respect t o  the  location of the maximum j e t  plume diameter. A t  low pressure 
r a t i o s  the  normal shock i s  located downstream of the m a x i m u m  j e t  plume diameter, 
whereas a t  the  higher pressure r a t io s  the  shock location occurs ahead of the  
maximum diameter. 
phenomena. 
A comparison of figures U ( a )  and ll(i) indicates these 
Schlieren photographs of free-jet flow from a M j  = 2.22 contoured nozzle 
a re  shown i n  figures 12(a)  and 12(b) i n  which both the  computed boundary and 
in t e rna l  shock are indicated. A l imit ing minimum value of ambient pressure 
r e s t r i c t ed  the  m a x i m  pressure r a t i o  t o  a re la t ive ly  low value of 
Good agreement i s  indicated f o r  both the  j e t  boundary and the location of t he  
in te rna l  shock. 
p .  p, = 37.7. JJ 
Theoretical and experimental J e t  plume boundaries f o r  t he  nominal M j  = 5.0 
nozzle are shown i n  figures l3(a) t o  l3(e) .  It should be emphasized here t h a t  
t he  theore t ica l  calculations were based on the  ac tua l  exit  Mach number of 4.79 
and nozzle half-angle of 26.30, which a re  both considerably different  from the  
12 
inviscid design value. 
boundaries indicates t h a t  t he  method of obtaining the  nozzle half-angle i n  the  
presence of a boundary layer of unknown thiclmess i s  an acceptable procedure 
fo r  small-scale models. 
The good agreement between theore t ica l  and experimental 
Further de t a i l s  of the flow phenomena associated with exhaust jets,  which 
w e r e  not readi ly  apparent i n  the  individual motion-picture frames ( f ig s .  l3( a )  
t o  13(e)),were determined from the  schlieren motion pictures.  
t i o n  a t  p 
( / 29). Downstream of the  nozzle and the  upper edge of t he  photograph x r j  = 
t h i s  approximate location severe turbulence ex i s t s  on, and obl i terates ,  the j e t  
boundary. A s  pressure r a t i o  increases the boundary def ini t ion extends fur ther  
downstream of the nozzle e x i t  and appears t o  delay the onset of t he  turbulence. 
The edge of the j e t  i s  again subject t o  violent in-and-out fluctuations,  some- 
what l e s s  severe than those described f o r  the  M j  = 1.0 je t .  Vortices appear 
t o  form on the j e t  boundary a t  the approximate location of the fadeout i n  bound- 
ary def ini t ion with substant ia l  growth occurring with increasing distance down- 
stream of the  nozzle ex i t .  The theore t ica l  boundary defines very closely the  
outer edge of both the  v i s ib l e  boundary near t he  nozzle exit and a l s o  the tur- 
bulent region t h a t  ex is t s  fur ther  downstream. 
Boundary defini-  
p, = 85, f igure l3(a) ,  extended about halfway between the  end of jl 
Comparisons of charac te r i s t ic  and empirical solutions.- I n  view of the  
obvious complications and t i m e  involved i n  the character is t ic  calculations, an 
empirical method of computing j e t  boundaries proves t o  be extremely beneficial .  
Such a method was developed i n  reference 19 and permits both rapid and satis- 
factory calculations of the  i n i t i a l  portion of j e t  boundaries for a wide range 
of nozzle Mach numbers, specific-heat r a t io s ,  and pressure ra t ios .  A compari- 
son of boundaries computed by the  method of character is t ics  and by the  empirical 
method of reference 19 i s  shown i n  f igures  14(a)  and 14(b) for the  
and M j  = 5.0 
solutions are i n  agreement. 
M j  = 1.0 
nozzles, respectively, t o  determine t o  what extent the  empirical 
Results are presented i n  f igure 14(a) f o r  the M j  = 1.0 nozzle a t  pres- 
sure r a t io s  ranging from 
empirical boundaries f a l l  s l i gh t ly  below the  character is t ic  curves near the 
nozzle e x i t  but f i n a l l y  cross over and continually deviate i n  such a manner as  
t o  produce boundaries larger  than those indicated f o r  t he  character is t ic  solu- 
t ion.  Satisfactory comparisons of t he  boundaries a re  obtained f o r  values of 
r/rj up t o  about 5 a t  the lowest pressure r a t i o  and up t o  about 10 fo r  
pj/p, = 43,000. 
region re la t ive ly  close t o  the nozzle ex i t ,  t he  empirical solution provides a 
rapid and re la t ive ly  accurate method f o r  approximating the boundary. Similar 
results are shown i n  f igure 14(b) fo r  the  nozzle a t  pressure r a t i o s  
from pj/p, = 20 t o  p p, = 2,000. Correlation of the  two methods of calcu- 
la t ions  i s  again good with the  range of agreement extending over a somewhat 
greater  range than the  Mach 1.0 results. 
p - p, = 45 ' t o  p . p, = 45,000. In  general, the  JI J/ 
Thus, when in t e re s t  i n  the  j e t  boundary i s  r e s t r i c t ed  t o  a 
M j  = 5.0 
jl 
Location and diameter of-Riemann wave (normal shock).- The e f f ec t s  of je t  
pressure r a t i o  on the  nondimenslonal distance along the j e t  axis from the  plane 
.of the nozzle e x i t  t o  t he  location of the Riemann wave (2/dj) a r e  shown i n  f ig -  
ure l 5 ( a )  f o r  the M j  = 1.0 nozzle. Also shown f o r  comparison are  the  results 
obtained from f igure 8 ( a )  of reference 18. 
tance 
i s  a near l i nea r  var ia t ion  over the range of pressure r a t i o s  f o r  which the  
shock posit ion could be determined. 
With both the  nondimensional dis- 
p lo t ted  on log coordinates the r e s u l t  Z/dj and pressure r a t i o  pa pm JI 
The schlieren photographs of f igures  l l ( a )  t o  I l ( p )  show tha t  the  thick- 
ness of the  shock a t  times may be a s  much as several  nozzle-exit diameters. 
However, t h i s  i s  probably a three-dimensional e f fec t  which produces an i l l u s ion  
of considerable shock thickness. The values shown i n  f igure 15 are  the average 
distances. It i s  of i n t e r e s t  t o  note a l so  t h a t  the motion pictures  show a high- 
frequency pulsation of the R i e m a n n  wave along the nozzle ax ia l  center l i n e  with 
an amplitude roughly equivalent t o  the apparent shock thickness shown i n  the 
photographs. I n s t a b i l i t y  a t  the  outer edges of the Riemann wave diameter i s  
even more pronounced with f luctuat ions i n  location occurring f i rs t  on one side 
of the center l i n e  and then on the other. These fluctuations appear t o  be 
dependent on l o c a l  pressure and become increasingly severe a t  the  extremely low 
pressures and high Mach numbers within the  exhaust plume. 
Figure l5(b) presents r e s u l t s  of the normal-shock location f o r  a contoured 
nozzle with an e x i t  Mach number of 2.22. 
unpublished data from a contoured M j  = 2.63 nozzle. Again on log-log paper, 
l i nea r  var ia t ions of t he  shock location with pressure r a t i o  a re  shown, which 
indicate  t h a t  extrapolations may be made t o  higher pressure r a t io s  with a prob- 
a b i l i t y  of f a i r  accuracy. However, i n  these f igures  it i s  shown t h a t  ambient 
pressure has a def in i te  e f f ec t  on the shock location. A t  a given pressure r a t i o  
the  lower the ambient pressure the l e s s  t h e  distance from the nozzle e x i t  t o  the 
location of the  normal shock. Although the e f f ec t  i s  small a t  the lower pres- 
sure r a t io s ,  i n  terms of nozzle diameters, s l i gh t ly  larger  e f f ec t s  a r e  indicated 
f o r  the  higher pressure r a t io s .  
Figure l 5 ( c )  presents previously 
The e f f ec t  of j e t  pressure r a t i o  upon the  nondimensional diameter of the  
normal shock (S/dj) i s  shown i n  f igure 16 f o r  the sonic nozzle. The current 
data span the  limited data included f r o m  f igure g(a) of reference 18 and extend 
the  pressure-ratio range f o r  which the shock diameter could be determined t o  
pj/p, of about 30,000. I n  general, agreement of both s e t s  of data i s  very 
good. 
pressure r a t i o s  (see f igs .  ll(i) t o  l l ( p ) ) ,  resu l t ing  i n  the sca t t e r  of data 
points a t  the  high-pressure-ratio end of the  curve. The maximum sca t t e r  i s  on 
the order of approximately 15 nozzle diameters. The extension of data provided 
i n  the current t e s t s  indicates,  f o r  pressure r a t io s  i n  excess of p pm of 10, 
that the var ia t ion i n  shock diameter i s  essent ia l ly  a l inear  var ia t ion with 
pressure r a t i o  on log-log paper. A t  a pressure r a t i o  of 30,000 the  shock has a 
diameter of approximately 100 nozzle diameters, which i s  equivalent t o  roughly 
30 percent of the maxi" j e t  plume diameter (see f i g .  g(a)  f o r  j e t  plume s i z e ) .  




SUMMARY OF RESULTS 
A n  experimental and theoretical investigation of highly underexpanded free- 
jet boundaries has been conducted. The experimental program, initiated to 
verify the theoretical calculations of the boundaries and internal-shock posi- 
tions, was conducted with unheated air and consisted of obtaining schlieren 
photographs of exhaust jet boundaries from nozzles having design exit Mach num- 
bers of 1.0, 2.22, and 5. 
Extensive modifications to an existing characteristics-method computer 
program have been made which permit extension of the calculations of free-jet 
boundaries to high pressure ratios and large distances downstream of the nozzle 
exit. The calculations procedure has been incorporated into a computer program 
which facilitates rapid calculations of jet exhaust characteristics. A FORTRAN 
program for use on an IBM 7094 electronic data processing system is presented. 
Based on the calculations using the method of characteristics and the 
experimental tests, the following results were obtained: 
oped which permit construction of jet boundaries for the following nozzles: 
Mach 1.0, Mach 5.0 ( w a l l  angle l50), and Mach 4.79 (wall angle 26.50). 
or complete jet boundaries may be constructed at pressure ratios up to lo7, 10 , 
1. Theoreti.ca1 jet boundaries have been calculated and contour plots devel- 
Partial 
6 
and 0.5 x 10 4 for the three nozzles, respectively. 
2. For a given nozzle configuration it was found that the maximum jet 
boundary size varied almost linearly on logarithmic coordinates with the ratio 
of nozzle-exit pressure to ambient pressure. 
nozzles the calculated maximum radius of the jet boundary was 450, 225, and 188 
nozzle radii at a distance of 1,300, 1,050, and 720 nozzle radii downstream of 
the nozzle exit, respectively, at corresponding pressure ratios of 45,000, 
8,143, and 2,926. Experimental results indicated an almost constant jet plume 
size downstream of the maximum plume diameter. 
For the Mach 1.0, 5.0, and 4.79 
3. Comparisons of theoretical and experimental jet boundaries show good 
agreement over the complete range of pressure ratios investigated. Limited 
comparisons of the theoretical and experimental internal-shock location also 
showed very good correlation. 
4. Experimental results at low pressure ratios show the Riemann wave (nor- 
mal shock) to be positioned downstream of the maxim plume diameter, whereas 
at the higher pressure ratios the shock location occurs upstream of the maximum 
diameter. At the higher pressure ratios the familiar shock diamond structure 
reduces to a single lobe, or  normal shock. The location of the shock down- 
stream of the nozzle exit and also the maximum diameter of the shock have a 
near linear relationship on logarithmic coordinates with the ratio of nozzle- 
exit pressure to ambient pressure. 
Langley Research Center, 
National Aeronautics and Space Administration, 




DETERMINATION OF LEADING CHARACTERISTIC LINE 
Input Data 
Calculations of a charac te r i s t ic  network including the  input quant i t ies  
when computed by hand calculators are both lengthy and time consuming, particu- 
l a r l y  when large numbers of input points along the leading character is t ic  l i n e  
are desired. 
the  input data i n  punchcard form, which may be placed d i rec t ly  i n  the  charac- 
t e r i s t i c  network program. Through additional processes the data may be indi-  
cated numerically on the cards o r  tabulated fo r  v i sua l  inspection. 
lowing paragraphs describe the  important features of the leading character is t ic  
l i n e  and give an example of t he  required input information. 
A program has therefore been s e t  up t o  machine compute and deliver 
The fo l -  
Regardless of the  type of nozzle, e i the r  contoured f o r  pa ra l l e l  flow a t  
the  e x i t  or conical with radial-exit  flow, several  i n i t i a l  conditions depending 
only on nozzle design are immediately known, namely: M j ,  8 N ,  i . ~ ,  vN, and 7 .  
With these nozzle character is t ics  it i s  possible t o  determine the  leading char- 
a c t e r i s t i c ,  or Mach, l i n e  which separates the  nozzle flow from the  external 
influence of ambient pressure. 
operating i n  an underexpanded condition such t h a t  the  pressure r a t i o  pj/pm 
greater than 1.0. 
The only l imitat ion i s  t h a t  t he  nozzle m u s t  be 
i s  
Conical nozzle.- The inherent radial flow properties of a conical nozzle 
It i s  therefore necessary t o  deter- 
r e su l t  i n  a curved leading character is t ic  l ine ;  therefore,  a l l  flow conditions 
along t h i s  l i n e  a re  continually varying. 
mine f o r  each x and y location along t h i s  l i n e  the  flow properties required 
i n  the  calculations. It should be pointed out t h a t  a l l  phases of the  character- 
i s t i c  program calculations a re  performed below the nozzle center l i ne ,  and t h a t  
a l l  procedures are  set up on t h i s  basis .  
Point spacings along the  leading character is t ic  are determined, f o r  con- 
venience, i n  terms of Mach number increments. A t  low pressure r a t io s  large 
point spacings may be used whereas f o r  higher pressure r a t io s  a much closer  
spacing i s  required immediately downstream of the nozzle ex i t .  
f o r  expl ic i t  point spacing, or Mach number increments, ex i s t s  and, therefore,  
individual judgment must be used depending on the  length of the leading char- 
a c t e r i s t i c  and the  Mach number change from the nozzle e x i t  t o  the  intersect ion 
of the  leading character is t ic  with the  nozzle center l ine .  Several groups of 
Mach number increments are  usually calculated; f o r  example, the leading char- 
a c t e r i s t i c  shown i n  sketch ( A l )  has been divided i n t o  three different  groups 
of Mach number increments - s m a l l  increments i n  group 1 and la rger  increments 
i n  groups 2 and 3 .  If the  charac te r i s t ic  program terminates before reaching 
the  maximum j e t  boundary, it may be necessary t o  use smaller Mach number incre- 
ments i n  group 1. 
No c r i t e r ion  
16 
Center l i n e  
Leading charac te r i s t ic  
Sketch ( A l )  
A s  an a i d  i n  select ing the  Mach number increments along the leading char- 
a c t e r i s t i c  l i ne ,  the  Mach number a t  the  intersect ion of the  leading character- 
i s t i c  with the nozzle ax ia l  center l i n e  i s  determined by the method of re fer -  
ence 18. The Prandtl-Meyer expansion angle a t  the center l i n e  is:  
The change i n  flow direct ion between the  nozzle ex i t  and end of the leading 
charac te r i s t ic  reduces t o  
l i ne .  
may be obtained from gas f l o w  tab les  ( r e f s .  29 and 30, for example) a t  the 
appropriate value of 7 .  Other parameters needed, i n  addition t o  the selected 
Mach number increments, are: M j ,  e N ,  and 7 .  From the input data the com- 
puter  program determines the  flow properties a t  various points along the 
leading charac te r i s t ic  l i n e  u n t i l  the  nozzle a x i a l  center l i n e  i s  reached. 
Input data downstream of the  end of the  leading charac te r i s t ic  a re  not required 
since the charac te r i s t ic  network program (appendix C )  contains provisions fo r  
computing these flow properties.  
ON, since the flow direct ion i s  zero a t  the  center 
v1 The Mach number corresponding t o  the  Prandtl-Meyer expansion angle 
The end point of the leading charac te r i s t ic  (on the nozzle center l i n e )  
may be obtained from the following expressions given i n  reference 18 for cal-  
culating the shape of the  leading charac te r i s t ic .  (See sketch ( A l )  . ) 
Y + l  
( A 3 )  x = R COS e - RN COS eN 
From the i n i t i a l  f l o w  properties just a t  the  nozzle ex i t ,  MJ, )I, 7 ,  and em, 
the  constant C may be determined. By using t h i s  constant and the Mach number 
obtained from expression ( A l )  and gas flow tables ,  with i t s  corresponding value 
of p, the  expressions (A2) and ( A 3 )  y i e ld  the  desired x location. 
Other basic equations used i n  t h i s  program, i n  addition t o  (A2) and ( A 3 ) ,  
a re  a s  follows: 
1 p = tan-1 
J.'E 
Example of input data _. fo r  a conical _ _  .~_._ nozzle.- _ _ _  . For a nozzle with the known 
e x i t  conditions of 8N = l 5 O ,  and 7 = 1.4,  the additional required 
engineering input i s  obtained i n  the  following manner. 
conditions and equation ( A l )  the  values of vc and M a t  the  point of i n t e r -  
section of the leading charac te r i s t ic  with the a x i a l  center l i n e  a re  found t o  
be vc = 106.920 and M = 12.02. The Mach number increments a re  a r b i t r a r i l y  
chosen a s  follows: 
M j  = 5.0, 
From the known e x i t  
The f i n a l  Mach number of 12.1 was chosen s l igh t ly  la rger  than the  computed value 
of 12.02 i n  order t o  allow the  program t o  determine a more accurate f i n a l  Mach 
number. Since three d i f fe ren t  Mach number increments w e r e  selected, there  w i l l  
be three input cards - each containing the  known e x i t  conditions and one of the  
Mach number increments with i t s  corresponding f i n a l  Mach number. 
program uses the data contained on the three input cards and calculates the  
coordinates and other flow conditions required f o r  the charac te r i s t ic  network 
calculations.  
The computer 
Contoured nozzle.- In  contrast  t o  the conical nozzles, the leading char- 
a c t e r i s t i c  associated with contoured nozzles designed for p a r a l l e l  e x i t  flow i s  
a s t ra ight  l i n e  a s  shown i n  sketch (A2). A s  a r e su l t ,  a l l  flow conditions 
18 
along t h i s  l i n e  are constant. The inclinat.ion of t h i s  l i n e  with respect t o  
the  nozzle axial center l i n e  i s  equivalent t o  the  Mach angle p corresponding 
t o  the  nozzle-exit Mach number. Closely spaced points near the  nozzle ex i t ,  
Leading character is t ic  
Sketch ( A 2 )  
similar t o  the  point spacing discussed fo r  the  conical nozzle, are again 
recommended . 
Sonic nozzle.- The leading-characterist ic input conditions f o r  a sonic 
nozzle are similar t o  those f o r  the  contoured nozzle. However, i f  M j  i s  
exactly equal t o  1.0, the  slope of the leading character is t ic  i s  i n f i n i t e  and 
the  character is t ic  program will not function under these conditions. For t h i s  
reason, t he  i n i t i a l  conditions of Mj = 1.0038 and p = 8 5 O  w e r e  selected f o r  
t he  current program. Reference 18 showed t h a t  a similar selection resul ted i n  
negligible e f fec ts  upon the free-jet boundary shape. 
Computer Program 
A computer program has been developed for calculating the  leading char- 
a c t e r i s t i c  l i n e  of a conical nozzle. This program, writ ten i n  FORTRAN language 
(see r e f .  3 l ) ,  may be used on the  IEM 7094 electronic  data processing system. 
The input requirements f o r  t h i s  program consist  of: (1) the  nozzle-exit 
Mach number 
specif ic  heats 7, (4)  t he  Mach number increments ,!SI, and ( 5 )  t he  l imit ing 
Mach number f o r  each Mach number increment fo r  which the flow conditions are 
t o  be determined. 
leading character is t ic  l i n e  are calculated, and cards are punched t o  be used 
as input f o r  a computer program t h a t  calculates t h e  character is t ic  network of 
a free-jet boundary (see appendix C ) .  
M j ,  ( 2 )  t h e  flow direction a t  t he  nozzle l i p  8N, (3) the  r a t i o  of 
From these input data a series of p i n t s  defining the  
This par t icu lar  program i s  capable of computing the  leading character is t ic  
f o r  several  different  Mach number increments during one machine run. The pro- 
























P-5432 L E A D I N G  C H A R A C T E R I S T I C  LINE PROGRAM 
P U Y C H E S  I N P U T  C A R D S  F O R  F R E E  JET I N V E S T I G A T I O N  (P-5430) 
I W U T  F O R  A C A S E  
T H E T A .  M A C H  NO.. L I M I T I N G  M A C H  N O - .  D E L T A  MACWI GAMMA 
0 E G - 5 7 . 2 9 5 7 8  
W R I T E  16.50) 
50 F O R M A T l I H 1 / 2 8 H O L E A O I N G  C H A R A C T E R I S T I C  L I N E s 4 X b H P - 5 4 3 2 )  
I N P U T  A C A R D  
7 R E A 0  ( ~ . I ~ ) F T H . F M A C H I E M A C H I M L I G ~ M M ~  
IS F O R M A T  1 5 F 7 . 0 )  
55 FORMAT( / / / 7HOGAMMA=lF7 .3 / / /  
W R I T E  (6.55 )GAMMA 
1 S X 4 H M A C H l 6 X 1 H X l 9 X 1 H Y 1 9 X 1 I H T H E T I I  D E G ~ ~ X ~ H M U I  DEG./ / / )  
ou=o.o 
xceo.0 
F T H - F T H / D E G  
C I = G A M M A - I . O  
C Z = G A M M A + l . O  
C J = F M A C H + + P  
c4=c3-1 .O 
C 5 1 S Q R T C C 4 )  
F M U C = A T A N l I . O / C S )  
A - 2 . 0 / C I  
B = C 2 / ( 4 . O + C I  ) 
0-1 . O / C l  
S A = S Q R T ( C 2 / C l  ) 
S A  1 = 1 O / S  A 
S B = S A + A T A N l S A I  + C S )  
E Q U A T I O N  A 5  
U - S B - A T A N I C S )  
R N = l .  O /S  I N  ( F T H )  
C=RN/(((I.O+A+(I.O/C3))++B)*(FMACHI+D)) 
R = R N  
GO T O  8 
E Q U A T I O N  A 4  
2 I F ( T H E T C ) 6 . 7 . 6  
6 F M A C H = F M A C H + D E L  
E X I T  IF M A C H  G R E A T E R  T H A N  L I M I T I N G  V A L U E  
I F  ( E M A C H - F M A C H )  7.75.75 
C 4 = C J - I . O  
C 5 = S Q R T ( C 4 )  
F M U C = A T A N ( l . D / C S )  
S B = S A + ( A T A N ( S A l * C S ) )  
U 2 = S B - A T A N ( C S )  
o u = u 2 - u  
RsC*((I.O+A+Il.O/C3))++B)+(FMACH++D) 
T H Z = F T H + D T H  
T H E T C = - T H 2 * D E G  
I F ( T H E T C ) 4 . 7 . 4  
75 C 3 = F M A C H + + 2  
E Q U A T I O N  A 2  
8 DTH=-.S+DU 
4 X l l X C  
E Q U A T I O N  A I  
E Q U A T I O N  A 3  
E Q U A T I O N  A 6  
U Z L = 2 . O + F T H + U  
XC=R*COS(THE)-(RN+COS(FTH))  
Y C = - R + S I N ( T H Z )  
I F ( T H E T C ) I l . I l . 1 2  
11  u21=u2 
FMUC=F&*DEG 
P U N C H  A N D  P R I N T  
P U N C H  I ~ . X C . Y C . T H E T C I F H U C  
W R I T E  I ~ . ~ O ) F M A C H I X C ~ Y C . T H E T C . F M U C  
GO T O  2 
FMACHrURIDEL+(FMACH-DEL) 




GO T O  1 1  
E N D  
17 F O R M A T ( 4 E l S . 8 )  
60 F O R M A T l 5 E E O . B )  
12 U R = ( U 2 L - U 2 1 ) / ( U 2 - U 2 1 )  
20 
APPENDIX B 
DETERMINATION OF CORNER EXPANSION FAN 
Input Data 
A n  additional input requirement f o r  computing a character is t ic  network i s  
the  corner expansion fan ju s t  a t  the  nozzle ex i t .  A computer program has been 
developed f o r  a high-speed d i g i t a l  computer t o  provide these data i n  sui table  
form t o  be used d i rec t ly  i n  the  charac te r i s t ic  program. Primary consideration 
w a s  directed toward expediency by l imit ing the  amount of engineering input 
required. 
Two-dimensional flow can be assumed t o  ex i s t  a t  the nozzle l i p .  A fur ther  
assumption of instantaneous expansion permits evaluation of a l l  flow conditions 
a t  the coordinates x r j  = 0 and y/rj  = -1.0. The i n i t i a l  consideration con- 
sists of determining the  change i n  Mach angle p between t h a t  for  t he  design 
e x i t  Mach number and the  f i n a l  value as fixed by the  par t icu lar  pressure r a t i o  
p , , / ~ ~ , ~  
angle p i s  then divided in to  a number of increments, which determines the 
value of 4 t o  be used i n  the input data. 
/ 
f o r  which a character is t ic  net i s  t o  be computed. This change i n  Mach 
The following tab le  i l l u s t r a t e s  the  general procedure fo r  supplying the  
input data : 
I n i t i a l  Final  
M . . . . . . . . . . . . . . . . . . . . . . . . .  4.9987008 7.2756624 
8 ,  deg . . . . . . . . . . . . . . . . . . . . . . .  l~.000000 30.462664 
p,  deg 11.539999 7 * 8999996 
v , d e g  . . . . . . . . . . . . . . . . . . . . . . . 7  6.908041 92 - 370705 
. . . . . . . . . . . . . . . . . . . . . . .  
y , d e g  . . . . . . . . . . . . . . . . . . . . . . .  1.3999999 
For the  lmown i n i t i a l  conditions a t  t he  nozzle e x i t  it i s  desired t o  f ind  the 
f i n a l  conditions f o r  p .  p, = 10.095 i n  order t o  compute the  input data. From 
pj/pt,j a t  7 = 1.4  and the  static-pressure the  nozzle-exit pressure r a t i o  
r a t i o  
p,,/pt,j i s  found t o  be 7.2756624. The corresponding values of p and v a t  
the boundary Mach number are obtained from flow tables  (ref.  28, f o r  example). 
The f i n a l  flow direction @final i s  synonymous with the  i n i t i a l  turning angle 
% 
Jl 
pj/p, the  boundary Mach number corresponding t o  the  pressure r a t i o  
and i s  found from the  expression 
21 
The value of 4, although selected somewhat a r b i t r a r i l y ,  may then be deter-  
mined by the number of rays desired f o r  the var ia t ion i n  0 .  Thus, i f  0 
changes by approximately l5.5O and one expansion ray i s  desired for  each 1'
change i n  0 ,  then the  change i n  Mach angle p between the i n i t i a l  and f i n a l  
values should be divided in to  increments of 0.23O ( i . e . ,  The 
number of s ignif icant  figures for  which & i s  given i s  unimportant since the 
computer program assumes t h i s  i s  an absolute number and gives r e su l t s  f o r  other 
parameters out t o  eight s ignif icant  f igures.  Eowever, the i n i t i a l  and f i n a l  
values of p should be determined a s  accurately as possible.  The required 
input t o  the  computer program u t i l i z i n g  the change i n  Mach angle p between 
the i n i t i a l  and f i n a l  conditions i s  l i s t e d  a s  follows: 
& = 0.23O). 
y . .  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1.4 
x / r j  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.0 
y / r j  . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  -1.0 
€ 3 ~ ~  deg . . . . . . . . . . . . . . . . . . . . . . . . . . . .  15.0 
pinitial, deg . . . . . . . . . . . . . . . . . . . . . . .  11.539999 
&, deg . . . . . . . . . . . . . . . . . . . . . . . . . . . .  0.23 
pfiml, deg . . . . . . . . . . . . . . . . . . . . . . . .  7.8999996 
Computer Program 
A computer program has been developed for  calculating the corner expansion 
rays t o  be used a s  input data i n  the charac te r i s t ic  network calculation proce- 
dure and i s  applicable t o  e i the r  conical o r  contoured nozzles. Input require- 
ments f o r  t h i s  program consist  of i n i t i a l  flow conditions a t  the nozzle ex i t ,  
p, ON, and y ,  a value f o r  Mach angle increments 4, and the value of p 
corresponding t o  the boundary conditions. The Mach angle increment i s  deter- 
mined from the fineness desired i n  the  charac te r i s t ic  network. The program 
computes the various flow conditfons corresponding t o  the  designated Mach angles 
and cards a r e  punched, which may be placed d i r ec t ly  i n  the charac te r i s t ic  pro- 
gram (appendix C ) .  This program i s  wri t ten i n  FORTRAN language f o r  the IBM 7094 
electronic  data processing system and contains equations ( o r  versions o f )  ( A h ) ,  
(A5), and (Bl) . It i s  a s  follows: 
22 









































P--5433 C O R N E R  E X P A N S I O N  R A Y  P R O G R A M  
P U N C M S  I N P U T  C A R D S  F O R  FREE JET I N V E S T I G A T I O N  ( P - 5 4 3 0 1  
I N P U T  F O R  A C A S E  
IS1 O A T A  C A R D  
DATA C A R D S  Z t 3 r 4 . a . e . .  
FIRST MU. F I R S T  T H E T A .  GAMMA 
M U  V A L U E . D E L T A  M U I S T O P P I N G  M U  V A L U E  
C O N = . 1 7 4 5 3 2 9 2 E - O 1  
XA=O.O 
Y A = - 1  .d 
WRITE (6.S) 
2 F O R M A T ( I H l / Z l H O C O R N E R  E X P A N S I O N  R A Y 4 X 6 H P - 5 4 3 3 )  
R E A D  IS1 O A T A  C A R D  
R E A D  ( - 5 . 4 ) F M U A . T H E l A . G A M M A  
4 F O R M A T f I F 9 . O ~ Z F 7 . 0 1  
T H E T A = - T H E T A  
WRITE ( 6 . 6 ) G A M M A  
6 FORMAT( / / /7HOGAMMA=F7.3 / /~  
I5X4HMACH16XIHX19XlHYl9XllHTHETA~ DEG.9X 
2BHMU.  O E G . 1 2 X 7 H V .  D E G . / / / I  
T H 2 = T H E T A + C O N  
F M U Z - F M U A + C O N  
H = ~ G A M M A - I ~ O I / ~ G A M M A f I ~ O ~  
H I = S O R T ~ l G A M M A + l ~ O l / f G A M M A - l ~ O ~ ~  
C O M P U T E  S T A R T I N G  V A L U E S  
E Q U A T I O N  A 4  
F M A C H = I . O / S I N I F M U Z I  
A E C D = F M A C H + + 2 - 1 . 0  
VPAR.HlrATAN(SQRT(H+AECD)) 
V Z = V P A R - A T A N ( S ~ T ( A E C D ) I  
V P R = V 2 / C O N  
E Q U A T I O N  A 5  
P U N C H  A N D  P R I N T  
P U N C H  I O . X A ~ Y A . T H E T A ~ F M U A  
WRITE ( 6 . I S ) C M A C H r X A . Y A . T H E T A ~ F M U A ~ V W  
IO F O R M A T ( 4 E 1 6 . 8 1  
15 F O R M A T l 6 E 2 O ~ E l  
S A V E  T W t A  AN0 v 
V I  =v2 
THI = T I 4 2  
I N P U T  OATA C A R D  
20 R E A D  ( S I . ~ I F M U A . D E L . E N D M U  
30 F M U Z = F M U A + C O N  
F M A C H n l . O / S I N ( F M U . 2 )  
A E C D * F M A C H + + 2 - 1 . 0  
VPAR=HI+ATAN(SQRT~H+ABCDII 
VZ~VPAR-ATAN(SQRT(ABCD)I  
T H 2 = V l - V Z + T H l  
T H E T A = T H B / C O N  
V P R - V 2 / C O N  
E Q U A T I O N  81 
P U N C H  A N D  P R I N T  
P U N C H  I O I X A I Y A I T H E T A . F M U A  
WRITE f 6 . 1 5 l F M A C H . X A . Y A ~ T H E T A ~ F M U A ~ V ~  
S A V E  T H E T A  A N D  V  
V l  =v2 
THI = T H 2  
D E C R E M E N T  M U  
F M U A = F M U A - D E L  
C H E C K  S T O P P I N G  M U  




CHARACTERISTIC METHOD FOR CALCULATING FmE-JET BOUNI1ARIES 
General Description of Character is t ic  Network 
The calculation of f ree- je t  boundaries by the method of charac te r i s t ics  
makes use of three-dimensional i r r o t a t i o n a l  equations of flow. The character- 
i s t i c  net describing the flow f i e l d ,  a l a t t i c e  point-type s t ructure  requiring 
no i t e r a t ion ,  i s  machine computed i n  a point-to-point calculation procedure. 
Computations begin with a s e t  of given conditions on the leading charac te r i s t ic  
plus the  conditions f o r  a s e r i e s  of two-dimensional expansion rays or iginat ing 
a t  the nozzle l i p .  The ex is t ing  program, permitting calculations t o  high pres- 
sure r a t i o s  and large distances downstream of the  nozzle ex i t ,  i s  the r e su l t  of 
extensive modifications and refinement of the program used i n  reference 18. 
The general assumptions concerning the  charac te r i s t ic  network are:  
(1) The charac te r i s t ic  solution assumes a constant ambient pressure and 
hence constant Mach number boundary. 
(2 )  The r a t i o  of specif ic  heats  7 remains constant i n  a l l  calculations.  
( 3 )  Isentropic flow i s  assumed t o  e x i s t  throughout the flow f ie ld .  
Various sections of a t yp ica l  charac te r i s t ic  net require d i f fe ren t  equa- 
t i ons  t o  determine the  loca l  flow properties.  These sections are  l i s t e d  as  
follows i n  order of t h e i r  probable occurrence during the calculation procedure: 
(1) Solutions for general points.  
(2 )  Solutions f o r  points on the  j e t  boundary. 
(3) Solution for the  in te rsec t ion  of charac te r i s t ic  l i nes  of the  same 
family indicat ing the presence of an in t e rna l  shock. 
(4) Solution f o r  a point adjacent t o  the nozzle ax ia l  center l i n e .  
( 5 )  Solution f o r  points on the center l i ne .  
Each of these top ics  i s  discussed i n  the following sections.  
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A n  expanded view of a t yp ica l  charac te r i s t ic  net i s  shown i n  sketch (Cl). 
Leading charac te r i s t ic  K- 
Sketch (Cl) 
The types of points i n  sketch (Cl) a re  ident i f ied  as fol-lows: 
(1) nozzle l i p ,  source f o r  a s e r i e s  of given two-dimensional expansion rays 
( 2 )  , ( 3 )  ,(4),(5) input data points on leading charac te r i s t ic  l i n e  
l a s t  leading charac te r i s t ic  input data poikt (a l so  f i rs t  point on 
center l i n e )  
( 6 )  
(1.5) same family points ( in t e rna l  shock) 
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I ,  . - ... . 
(16) 
(17) center-l ine point 
points adjacent t o  center l i n e  
Symbols 
M Mach number 
T temperature, OR 
V velocity,  f t / s ec  
v2 l imit ing velocity,  f t / s ec  
W r a t i o  of l oca l  veloci ty  t o  l imit ing velocity 
X,Y Cartesian coordinates, referred t o  nozzle radius 
7 r a t i o  of specif ic  heats 
e flow angle between veloci ty  vector and X-axis (posi t ive i n  first quad- 
Mach angle, s in- l  1 radians 
ran t  and negative i n  fourth quadrant), radians 
M’ I.L 
P density, slugs/cu f t  
Subscripts: 
A points of first family 
B points of second family 
C points calculated from A and B 
t stagnation conditions 
General-Point Solution 
In  supersonic flow i f  the  flow conditions a t  two points near each other a re  
known, the  flow conditions at.some point C ,  which i s  the  intersect ion of two 
charac te r i s t ic  l i n e s  of d i f fe ren t  families s t a r t i n g  from the two known points,  
can be determined. In sketch (Cl) calculations begin with the  given conditions 
a t  points (1) and (2)  and proceed along the  l i n e  containing points (2 )  and (14) 
with use of the  general-point solutions t o  f ind  points (7) t o  (11) and the  
boundary-point solution t o  f ind  point (14). 
beginning with the  given point (3) and the’conditions as computed f o r  point (7) 
t o  f ind  point (12); t he  points  (12) and (8) are used t o  f ind (l3), and so for th .  
The procedure i s  then repeated 
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i i  
A n  enlargement of points ( 3 )  and (7)  a s  used i n  obtaining the general solu- 
t i on  f o r  point (12) i s  shown i n  sketch ( C 2 ) .  
xA XB xC 
X-axis 
Sketch ( C 2 )  
With a l l  conditions known f o r  points A and B, the  flow conditions a t  point C 
remain t o  be found. 
family, i s  defined a s  
The upward sloping l i n e  AC,  a charac te r i s t ic  of the  f i r s t  
The slope of l ine E€!, a second-family charac te r i s t ic ,  i s  defined as 
A simultaneous solution of equations ( C l )  and ( C 2 )  yields  
Now that is known, equation (Cl) may be solved for the y coordinate, 
Yc, f~om 
First- and second-family equations in terms of velocity are as follows (from 
ref. 32, p.  264): 
For the first family 
For the second family 
For definitions of ZA and 9, see equations (C9) and (C10). The velocity 
terms may be reduced to the nondimensional ratio form of W by dividing through 
by the limiting velocity Vz. 
Therefore, in equations (C5) and (~6) 
and 
dog = deA + @A - 8B 
Substituting these expressions into equations (C?) and (~6) and solving simulta- 
neously results in 
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which i s  similar t o  the form i n  reference 32. By substi tuting 
equation ( C 7 )  i s  reduced t o  the following form with only one unknown: 
where 
and 
s i n  pg s in  8B tan pB 
mB = 4 cOs(8B - 
Now tha t  8 c  i s  hown, equation (Cg) i s  used t o  obtain 
wC = wA + WA tan PA(ec 
2A 
eA) c(q - XA) [ - 
The remaining parameters t o  be determined a t  point C are 
and 
1 * = s i n  pc 
J e t  Boundary Point 
Boundary-point calculations, although s t i l l  dependent upon the basic f i r s t -  
and second-family relationship, require a different form of the equations for  
determining the conditions and location of the unknown boundary point C.  A s  i n  
previous calculations it i s  necessary t o  adhere s t r i c t l y  t o  the signs associated 
with the various angles. For these calculations (see sketch (C3)) it i s  noted 
J e t  
Sketch (C3) 
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that the line AC is actually a streamline, where previously the line AC has 
been a characteristic line. 
characteristic line BC (second family) are 
The slopes of the streamline AC (first family) and 
The x 
and (Cl7) is 
location as determined from a simultaneous solution of equations (c16) 
and from equation (c16) 
Since the boundary Mach number is constant, 
direction at point C is obtained from the basic second-family form of equa- 
tion (~6). In equation (~6) 
pc = pA and Wc = WA; the flow 
and 
where mB is as defined in equation (c~o). 
Intersection of Same Family Characteristic Lines 
The presence of a finite ambient pressure requires a turning of the jet 
boundary in a downstream direction which in turn introduces a series of weak 
compression waves. 
of the  f i rs t - family type of charac te r i s t ic  l i n e s  (see sketch (Cl) ), eventually 
in t e r sec t  with the  expansion rays or iginat ing a t  the  nozzle ex i t  o r  with each 
other and form the in t e rna l  shock. The in te rsec t ing  charac te r i s t ic  l i nes ,  both 
members of the  f i rs t - family type of l i nes ,  a r e  shown i n  sketch ((24). 
the  occurrence of t h i s  in te rsec t ion  at  point (l5), calculations progressing 
along l i n e  7 i n  sketch (C4) ( a r b i t r a r i l y  ident i f ied  l i n e s  and points)  have 
involved members of d i f fe ren t  families.  The normal procedure of using points 
(4) and (13) as  A and B, respectively,  t o  f ind  (14) as  C, and then using ( 5 )  
and (14) a s  new values of A and B t o  f ind  point (16), r e su l t s  i n  a foldback 
These waves, which a r e  shown i n  sketch (C4) and are  members 
Pr ior  t o  
Sketch (C4) 
of the charac te r i s t ic  net  (see r e f .  18). 
progressively more severe and eventually a point i s  reached where the program 
can no longer continue. In  order t o  eliminate the foldback, flow conditions 
must be found f o r  the  point of intersect ion (15); once these a re  found, then 
points (15) and (13) may be used as  A and B points,  respectively, i n  the 
general-point equations. 
Once the foldback has begun it becomes 
An enlargement of the  two in te rsec t ing  rays i s  shown i n  sketch (C5). Since 
p i s  always considered t o  be posi t ive and s t r i c t  observance must be made of 
the sign associated with the  angle 8 ,  the  charac te r i s t ic  l i nes  a re  both members 





Sketch ( C 5 )  
and 
Simultaneous solution of these two equations yields  
and from equation (C21) yc i s  found t o  be iden t i ca l  t o  equation (C4). 
In  obtaining 8c a t  the  intersect ion of two rays of the same family, it 
i s  t o  be remembered t h a t  the  primary difference between the general-point and 
same-family solutions i s  a change i n  notation of t he  angle which the character- 
i s t i c  l i nes  make with respect t o  the  X-axis - (8 + p) f o r  the f i rs t  family and 
( 0  - p) fo r  the second family. 
family i s  involved, (e  + p) must appear i n  a l l  equations i n  which there i s  a com- 
bination of 8 and p. It i s  therefore possible t o  use the general-point solu- 
t i o n  for  8c with the  exception t h a t  t he  mB term must include cos(8 + p). 
Since the in te rsec t ion  of rays of the f i r s t  
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I l l  lllIlIIlIIlIllII I I I I 
The equation f o r  0c i s  the  same as equation ( ~ 8 )  except t ha t  
s i n  pB s i n  BB t an  pg 
cos( 0B -I- PB) 
mB = - 
A l l  other terms a re  iden t i ca l  t o  those of the general-point solution. 
Point Adjacent t o  the Center Line 
The charac te r i s t ic  l i n e s  used i n  defining flow conditions of a point adja- 
The general-point equa- 
cent t o  the a x i a l  center l i n e  involve a point on the  center l i ne ,  point B i n  
sketch (~6), f o r  which the  flow direct ion i s  
t i ons  (C3) and (C4) provide solutions f o r  both x and y coordinates of 
BB = Oo. 
B V, Nozzle center l i n e  
Sketch ( ~ 6 )  
point C; however, complications a r i s e  i n  determining 
mB - &B used i n  the  second-family equation ( ~ 6 )  becomes indeterminate (E) a t  the  
axis. 
t i o n  fo r  the  second-family charac te r i s t ic  l i n e  Bc which is: 
Bc since the term 
YB 
Reference 32 makes several  simplifying assumptions and derives an equa- 
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Equation (C25), written f o r  a point above the center l i ne ,  conforms t o  condi- 
t ions  below the  center l i n e  i n  t h i s  report  by changing the minus (-) sign i n  
f ront  of the term A9 tan  pB) t o  a plus (+) sign. An equation now ex i s t s  fo r  
a second-family charac te r i s t ic  l i n e  s imilar  i n  form t o  the  second-family l i n e  
i n  equation ( ~ 6 ) .  
( 
However, i n  equation (C25) 
and 
Substi tution of these terms i n t o  equation (C25) along with the required sign 
change produces 
The simultaneous solution of the f i rs t - family equation (C5) and the  second- 
family equation (c26)  yie lds  
The veloci ty  r a t i o  Wc and Mach angle WC may now be found by using the  
general-point solutions.  
9' 
Center-Line Point 
The procedure f o r  finding flow conditions a t  points along the  nozzle a x i a l  
center l i n e  i s  simplified i n  t h a t  both yc and 8c are zero. The in te rsec t ion  
of the  leading charac te r i s t ic  with the  center l i n e  i s  the last given point i n  
the input data; therefore,  the in te rsec t ion  of the f i r s t  expansion ray with the  
center l i n e  i s  the f i r s t  point of this type which must be calculated and i s  
shown i n  sketch ( C 7 ) .  
of the nozzle r e su l t s  i n  point B which i s  a mirror image of point A. 
r e s u l t  of this s imi l a r i t y  only the  f i rs t - family charac te r i s t ic  l i n e  AC i s  needed 
A n  i den t i ca l  expansion or iginat ing at  the  opposite s ide 
A s  a 
35 
Sketch ( C 7 )  
t o  determine the  location of point C .  With yc and eC equal t o  zero equa- 
t i o n  (Cl) reduces t o  
Other parameters such a s  Wc, pc, and Q may be found with the general-point 
equations. 
Computer Program 
A computer program has been developed f o r  calculating the charac te r i s t ic  
T h i s  program i s  wri t ten i n  FORTRAN language ( r e f .  31) and i s  presented 
network of a j e t  boundary using three-dimensional i r r o t a t i o n a l  equations of 
flow. 
a t  the end of t h i s  appendix. 
A s e t  of i n i t i a l  conditions, x, y, 8,  and p, defining a se r i e s  of 
points along the  leading charac te r i s t ic  l i n e  i s  supplied t o  the computer i n  
addition t o  the conditions defining the point or igins  of a s e r i e s  of two- 
dimensional expansion rays originating a t  the  nozzle l i p .  
given, f o r  any given ex i t  Mach number, depends upon the fineness of the  charac- 
t e r i s t i c  net desired and the  pressure r a t i o  i n  question. Computer programs have 
been written t h a t  may be used t o  supply the  i n i t i a l  conditions f o r  the leading 
charac te r i s t ic  l i n e  (see appendix A)  and the  conditions f o r  the corner rays 
(see appendix B). 
The number of rays 
Points a r e  computed along a downward sloping charac te r i s t ic  l i n e  from each 
given point on the  leading charac te r i s t ic  l i n e  u n t i l  the  boundary point i s  com- 
puted. When the leading charac te r i s t ic  l i n e  i s  ended, points a r e  computed 
along the nozzle ax ia l  center l i n e  with two new points being computed by in t e r -  
polation between normal successive center-l ine points.  Additional character- 
i s t i c  l i nes  are  computed or iginat ing a t  these center-l ine points.  
has reached a maximum on the boundary, computation of points along character- 
i s t i c  l ines  continues u n t i l  x on the  center l i n e  or on the leading character- 
i s t i c  l i n e  has reached the  value of x a t  the maximum boundary. 
When lyl 
The following program has been used on the IEM 7094 electronic data proc- 













































IWUT ra? A CASE 
1ST CARD I O E N T I F I C A T I O N .  COL.1-BO 
2NO CARO ND. OF CORNER RAY CARDS. COL.1-3 
NO. OF LEADING CHARACTERISTIC CAROS. ca.4-6 
VALUE OF L A S T  Y I R A Y )  REAO IN, COL.?-13 
GAMMA. COL.14-20 
DATA CARDS 3.4........ 
IST GROUP 
EACH CARO (NO. O F  CARDS GIVEN BY CC4.1-3 ON CARD 2)  
DESCRIBES A P O I N T  ON THE CORlJER RAY AND CONTAINS 
4 VALUES lX~-Y, -THETAqMUl  
2ND G R O W  
EACH CARO INO. O F  CARDS GIVEN B Y  C 4 . 4 - 6  ON CARD 2) 
DESCRIBES A P O I N T  ON THE LEADING CHARACTERISTIC 
LINE AN0 CONTAINS 4 VALVES IX.-Y.-THETA.MU) 
DIMENSION C A S E 1 1 4 ~ ~ X A 1 4 0 0 ~ ~ Y A 1 4 0 0 ~ ~ T ~ A 1 4 0 0 ~ ~ F M U A 1 4 0 0 ~ ~  
l W e l l 4 0 0 l ~ C H A R A C l 6 ~ 7 0 0 I ~ X C 1 4 O O I ~ Y C 1 4 0 0 ~ ~ T ~ T C ~ 4 O O ~ ~  
2 F M U C l 4 n O ) . I C ( 4 0 O l  ~ F M A C H C l 4 0 0 1  
COMMOH CASE.XA.YA.THETA.FMUA*WA, 
1FMACHC.XC.YC.THETC.FMUC.WC.CHARAC. 
2 G M I . G M I E . X P . L I N E . N A . N C . N R A Y , ~ L  
I N I T I A L I Z A T I O N  SECTION 
EQUATION I C 1 3 )  
FMMUIX ) * I  . I S  IN  I X I  
M G - 5 7 . 2 9 5 1 8  
WRITE 1 6 r l I  
I FDRMATl lH l / / /23HOFRFE JET INVESTIGATION4X6HP-5UO// / )  
2 CALL S L I T E  I01 
NREFL'O 
CALL OVCHK 1KOOOFX) 
GO T014.4I+KOOOFX 
READ IN  CASE 
REAO IST Z CARDS 
4 RLAD ~ ~ . S I C A S E . L ~ M I N C H A R . Y P R ~ V ~ G A ~ A  
5 FORMAT f I 3 A 6 r A 2 I 2 1 3 . 2 F 7 . 0 )  
NRAY-L I M - 1  
READ CORNER RAY cama 
READ I 5 ~ ? ~ I X C I I I ~ Y C I I ~ ~ T H E T C I I ~ ~ F M U C I I I ~ I = ~ ~ L I ~ ~  
7 F09MAT14L16.0) 
READ L E A D I N G  CHARACTERISTIC CARDS 
READ I 5 ~ ? ~ l l C H A R A C l I ~ J ~ ~ I - l ~ 4 ~ ~ J - l ~ N ~ A R ~  
P R I N T  IO AND GAMMA 
WRITE 16.9 1CASE.GAMMI 
9 FORMAT l I X I 3 A 6 ~ A 2 / / ? H O G A M M A I R . 3 / / / ~  
SET READ TO DETERMINE L A S T  CHARACTERISTIC P O I N T  G I V E N  
I - W H I R - 1  
00 10 J.1.l 
CHARACl6 .NCHARl~I .O 
WR ITEI 6.1 I I 
10 CHARACl6.J)-O.O 







C CHANGE THETA AND MU TO RADIANS 
C COMPUTE WC AND MACHC FROM INPUT W C  
C 
00 19 I .I .LII(E 
T H E T C I I ) = T M T C I I I / D E G  
FMUCII i = r M u c i i i m c ~  
C EQUATIDN l C l 2 ,  
Y C l I ~ - S Q R T l G M 1 / l 2 ~ r S l N l F M u C ~ l ~ ~ H B + G * 1 ~ ~  
F M A C H C l I ~ ~ F ~ U l F M U C l I l ~  
19 C O N T I M E  
C 
C P R I N T  CORNER RAY 
C 
DO 22 I-1.LINE 
C A L L  PRINTlFMACHClI~~XClI~rYClIl~TMTClI~~ 
I F M U C I I I . W C I I I I  
Z2 CONTINUE 
C A L L  PREND 
C 
C MOVE c ARRAY 
C 
DO 23 I - 1 . L I M  
X A I l ~ - X C I l ~  
V*I~I*XCIIl 












CHANGE CHARACTERISTIC THETA AND MU TO RADIANS 
COMPUTE A L L  W FOR LEADING CHARACTERISTICS 
00 26 I - l ~ N C U A R  
24 CHARAC~J.I)-CHARAC(311)/tKG 
CHARAC(4.I)-CHARAC(4.Il/OtG 
C H A R A C I S ~ I ) ~ S O R T I G M L 1 I / ~ 2 ~ + s l N t m * R A C ~ 4 ~ l ~ l H 2 + c M l l l  
E W A T I O N  ( C I 2 1  
26 CONTINUE 
COMPUTE 1ST L1NE-NO W F L E C T l O N  
2s ICELL.2 
L E A M - l  
L I N E W A Y - I  
NA-1 
NC. I 
MOVE I S T  LEAOING CHARACTERlSTlC TO 157 C POINT 
M XC-CHARAC I I 1 I 
YC*CHARACI2.1 I 





C A L L  P R I N l ( F N A C H C I X C 1 Y C ~ T M T C ~ F M U C ~ W C l  
35 NA*NA+1 
NC-NC+I 
CALL  G L K ~ X A I N A l ~ Y A I N A l ~ T M T C I ( " U I ~ N A l ~ F N U A ~ N A l ~ W A I ~ ~ ~  
l X C I N C - l l ~ Y C I N C - 1 1 ~ T M T C o r P M V C ~ N C - 1 ) ~ W C ~ N C - l l ~  
2 X C ~ N C l ~ Y C ~ N C l ~ T H E T C ~ N C l ~ F M U C I ~ l ~ ~ I ~ l l  
FMACIK (NC 1-FMMUlFHUC ( N C l  1 
CALL P R I N T I F M A C U C ~ N C l ~ X C I N C l ~ W ~ N C l i T H E T C I N C l ~  
L l N E l r L f N E - 1  
IF  I L I N h l W S r 4 0 . 3 S  
lFMUCINCl .WCINCl1  
40 NAINA+ l  
NC*NC+l 
CALL  S ~ Y t X A I N A l ) . Y A t N A l ~ T ~ T A t N A ~ ~ F ~ A ~ N A l ~ W A ~ N A l ~  
l X C I N C - l l ~ Y C ~ N C - l l r T ~ T C I ~ - ~  l r F * U C t N C - I l r W C t N C - l l *  
2 X C f N C l r Y C I N C l ~ T ~ T C ~ N C l ~ F N U C t N C l ~ W C t N C l l  
FMACNC ( NC l rFWMU( FHUC (NC I 1 
C A U  P R I N T  IFMACHC (NC I r X C I N C 1  eYC(NC1 t THETC (Ne 1, 
1FMUC(NCl .WClNCl l  
:iE'z:E' 
C MOVE C ARRAY 
C 
DO 45 l-lrLlN€ 
XA ( I l.XC( 1 I 
Y A ( 1  ) * I C (  I 1 
T H E T A ( I l - T M T C ( I 1  
F M U A I I l * F M u C I I l  
NREFL-I  
45 W A ( I l - w C ( I 1  
C 
C 
C r*wTr 1 - S L 2  OF(.. READ-0 




I02 L INE"RAY+NREFL- l  
LEADC-LEAM+I  
N A S I  
NC-1 
C 
C MOVE LEADING CHARACTERISTIC TO I S T  C P O I N T  
C 
104 XC*CHARAC(I .LCAM) 
YC-CHARAC(2.LCADCl 






CALL PRINTIFMACnC~XC~VC.TMTC.CLIUC. IC)  
C 
C TEST FO4 1ST CENTeRlNE 
C 
I F ( R E A D 1 9 9 8 . 1 1 0 ~ 1 0 9  
109 NA-2 
NC.2 
CALL OFCNTIXA (2  l r  YACE l . T M T A ( 2 l . F W A  (2  l.YAIZl* 
1 XC.FMUC.WC.XC I 2  1 .YC I 2  I . T M T C  (2 1 r F W C  (21 d C ( 2  1 I 
FMACNC I2  IrFWU (FMUC I 2 I I 
CALL P Z ) l N T ( F M A C ~ ( 2 l . X C I 2 1 . Y C ~ 2 l ~ T ~ T C ( 2 1 ~  
I FMUC (2 1 WC (2 1 I 
L I N E s L I N E - 1  
110 NA*NA+I 
NClNC+l 
CALL G E K ~ X A I N A I ~ Y A ~ N A l r T H E T I ~ N A l ~ F M U A ~ N A l ~ ~ A ~ ~ l ~  
IXC~NC-Il~YC~NC-IlrTMTCINC-Il~FMUCINC-llrWCINC--Il~ 
eXCINC %.YC 1NCI  eTIQTC(NC I .FMUC INCl .K fm) I
39 
I F  fL INE-4 1 I 121 I I 8  L I 1 1 
1 1 1  CALL TEST 
NAXNA 
NC-NC 
112 CALL  TESTZ(1SIG) 
1 1 3  GO TO (114.1231. 1S1G 
114 F M A C n C l N C l - F U M U ( F M U C 0 )  
CALL - I N T ( F M A C H C f N C ) . X C l N C ) . Y C l N C ) . T ~ T C f N C l .  
lFMUCfNCl.WC(NC1) 
LINE-LINE-1 
IF IL I N E 1 9 9 8  120.11 0 
120 NC'NC+l 
122 CALL  B N D R Y I X A I N A ~ ~ Y A ~ N A ~ ~ T H E T I O ~ F M U A l N A l ~ Y A ~ N A l ~  













1 3 0  















CALL  -END 
MOVE ARRAYS 
00 1.25 1-1.LlNE 
X A f l ) = X C l I ~  
Y A f I ~ - Y C ! I )  
THETA f I ) -TnETc  1 I 1 
FMUAl  I l=FMUC( f > 
YA ( 1  )-wC( 1 ) 
C O N T I W E  
TEST FOR NEXT MODE 
l F ~ Y W E V - Y C l N C ~ l I 3 O ~ l 5 O ~ l S O  
CALL S L I T E  12) 
XMAX=XC(NCl 
IF  lREAO)99B.300 * 1 3 2  
MODE 1 1  - S L 2  OFF, REA0 NOT 0 
MAX BOUNDARY NOT REACMO. CENTERLINE P O I N T S  COMPUTED 
M6M.2 




CALL  G E M ( X A l N A ) r Y A l N A ) . T H E T A ( N A l , F I I U A ( N A ) ~ Y A ( N A ) .  
1XCfNC-1 ) .YClNC-I l .THETC(NC-I ) ~ F M U C l N C - I ) ~ W C ( N C - I  
Z X C ( N C ) . Y C l N C I . T H E T C ( N C I . F M U C f N C l . Y C l N C ) ~  
I F l L I N E - 4 ) 2 0 6 ~ 2 0 6 , 2 0 5  
205 CALL TEST 
NA=NA 
206 CALL TEST2  11SlG) 
NC'NC 
207 GO TO 1208.212)~ISIG 
208 F M A C H C f N C l - F M M U f F M U C O  
CALL  PR 1NT IFMACHC fNC > .XC f NC 1 ,YC f NC)  T M T C  (NC > 9 
l F M U C ( N C ) ~ W C l N C l l  
LINEILINE-I 
I F  
210 NC*NC+I 
CALL  B N D R Y I X A ~ N A l ~ Y A ~ N A l ~ T H E T A l N A l r F ~ A l N A ~ ~ Y A f N A l ~  
f L I N E  ) 9 9 B  -21 0.204 
1 X C l N C - I l r Y C l N C - l l . T M T C ( N C - 1  ) . F M U C ~ N C - I l ~ X C l N C - I  ) r  
2 X C l N C ~ ~ Y C ~ N C ~ ~ T H E T C l N C l r F M U C l N C l ~ ~ C ~ N C l ~  
F~ACHC(NClrFMMUlF~UC(NCl1 
CALL W I N T ( F M A C H C  INC 1 .XC(NCl .YCfNC) .THETC(NC 1 
1 FHUC 1NC ) 1WClNC ) 1 
212 LINE=NRAY+NREFL+I 
CALL  PRENO 
C 
C PWVE ARRAYS 
C 
DO 215 I - I s L l N E  
X A r I ) - X C ( I )  
Y A l l  l - Y C C l )  
T M T A l I l * T H E T C ( I )  
F M U A l I ) * F M U C l I )  
WA c I l -wC( 1 ) 
21s CONTINUE 
C 




GO TO 201 
230 CALL  S L I T E  (2) 
XMAX-XCfNC) 
GO TO 400 
C 
C 
C MCOE 1 1 1  - SL2 ON. READ-0 



















CALL W I N T ( ~ M A C H C . X C . Y C . T U ~ T C ~ F M U C ~ U C 1  
305 WRITE(6.II) 
C 




CALL OFCNT t XA t2 1 . V A  (2 1, T W 3 A  (2 1 
IFtXC 12 1-XMAX1307.307.789 
F W A  (2  ) a WA (2  1 




CALL G E K ~ X A ~ N A ~ ~ Y A ~ N A I ~ T H E T A ~ N A I ~ F M U A ~ N A l ~ W A ~ N A l ~  
1XC~NC-1)~YCINC-Il~TMTCo.F*Vt~NC-Il~FMUC~NC-l)~WC~NC-Il~ 
Z X C ~ N C ~ ~ Y C ~ N C l ~ T H E T C ~ N C ~ . F H V C ~ N C ) . Y t ( N C l l  
C 
C TEST FOR MAX BOUNDARY X 
C 
IFIXC~NCl-XMAXI320~320~350 
320 IF  (LINE-4 1330 r330.329 
329 CALL TEST 
NA-NA 
330 CALL TEST2 (1SIGl 
NC-NC 
331 GO TO (3351.3701. lSlG 




IF IL 1 NE ) 998 $370 3 LO 
C 











C EXIT TEST 
C 
C 
C MOVE AF11)AYS 
C 
IF(WAY-1 )990*990<37S 
373 00 380 I-I.LINE 
XA(ll-XC(1) 
YA(1 )-IC( I I 
TMTA(I1ITUETCII) 
FMUAlll*FMUCtI) 
WA( I )-WC( I 1  
380 CONTINVE 
C 






C MOOE I V  - SL2 ON, READ NOT 0 




402 GO TO L760.740.700).lCELL 
404 LINEIWRAY+NQEFL-P 
IF (LINE1 998.470.408 
a08 NA=NA+l 
NC.NC+l 




C TEST FOR MAX BOUNDARY X 
C 
I F ( X C t H C I - X M A X 1 4 P O . 4 ~ 0 . 4 S O  
41 
420 lPlLlNE-414'30.430.489 
429 C A L L  TEST 
NA-NA 
430 C A L L  TEST2 I l S l G )  
NC'NC 
451 GO TO 1445.476). ISIG 
445 F M A C H C I N C I - F ~ U I F M U C I N C I  8 
a W I U T I F M A C H C I H C  ).XCINC> , .YC I N C  I . T M T C  tmt I .  
C COePVTE RAYS A M )  REFLECTIONS 
C 
450 LOOK-NC-1 
IF  I L W I K M A Y  14¶2+.453 e4S6 
452 CRAY-LOOK 
453 W E F L - 0  
GO TO 4?0 
456 UREFL-LOOK-WAY 
C A L L  PRENO 
4?0 L1UE.WAV+WEFL 
C 
C UOVE A-AYS 
C 
4.m DO 400 1.l.LlNC 
XA I 1  I - X C I  1 )  
Y A I I  )-'IC1 1 I 
T H E T A  C I )=Tl+€TCl I > 
F M U A I I I ~ F W C I I )  
W A I I I - W C I I )  
GO TO 402 
400 C O H T I W h  
C 
C 
C INTERPOLAT1OH SECTION FOR CEUTERLIUC POINTS 
C 
C FOR IQLL-3 
C 
'100 I C E L L - 2  
\ N A - 2  
NC.2 
C A L L  CENRlXAl2~~YAl2l~THETAl2l~FMUAl2l~WAt2l~ 
ITX.T*V.TWI 
C 
C COMPUTE DZLTAS A N D  SAVE 
C 
C 





C SENSE L I G H T  TEST 
C 
712 C A L L  SLITETl2 .KOOOFXI  
T I 5  C A L L  SLITE 1 2 )  
720 WRITE16.111 
GO T O ( ? I S ~ 7 2 0 ) r K O O O F X  
lF(XC-XMAX)720.720.990 
FMACnC-FMMU(FMuCI 
CALL ~ I N T I F W A C H C . X C . V C , T H E T C ~ F M U C ~ U C )  
C 
C COMPUTE 1 PT OFF CENTERLINE 
C 
C A L L  O F C N T l X A l 2 ~ ~ Y A l 2 ~ ~ T M T C I o . F I I V I I E ~ ~ W A ~ 2 l ~  
IXC.FWC.WC. 
2XC 12) . Y C t 2 1 *  T W T C  I 2  I . F W C l 2  I *WC(2 I I 
C A L L  SLITET(2.KOOOFX) 
GO T 0 1 7 ~ 5 ~ 7 3 0 ~ ~ l t O O O F X  
725 CALL Y I T E  1 2 )  
727 F M A C H C l 2 I * F ~ U I F M U C ( 2 ) I  
IClXCl2~-XMAXl727.727~?28 
C A L L  P R I N T ~ F M A C H C ( 2 l ~ X C ( 2 ~ . Y C l 2 ) ~ T ~ T C l 2 I ~  
GO TO 404 




GO TO 990 
C A L L  P R I N T l F M A C H C ~ 2 ~ ~ X C l ~ ~ ~ Y C ~ 2 l r T W T C l 2 ~ ~  
I F M U C l 2 I . W C I 2 ) I  
REFL-WEFL+ I 
GO TO 202 
I FMIJC~BI rwcfz I I 
730 FMACHC(2) iFMMUIFMUCIe) )  
C FOR I C E L L - 2  
C 
740 I C E L L - I  





GO TO 712 
C 











TI0 CALL SLITE l P 1  
700 IRITEl6~III 
IF IXC-XUAX 1780.780.990 
FMACHC.FMUUtPMUC) 
CALL PRINTlFMACHCIXC.YC.THETC.rYUC.IC)  
CALL OFCNTlXAl3l~YAl3lrTMTAl3l~FMUAlJ~~WAt3l~ 
1 X C ~ F M U C ~ I C ~ X C l 2 ~ ~ Y C I + ) . T H E T C l 2 l ~ F M U C l 2 l ~ W C l Z l l  
CALL SLlTET12.K00OFXl 
GO T017~5.790l~KOOOFX 
705 CALL sLrm 121 
lFlXC121-XMAX1787.787.189 
CALL ~ I N T l F U A C H C 1 2 l ~ X C l 2 l ~ Y C l 2 l ~ T ~ E T C l 2 l ~  
M A Y - W A Y - I 

















990 CALL OVCW 1 JJ 1 
992 W I T E  16,9931 
993 FOUMATO4HODIVIOE CHECK ON WHEN EXlT REACNED/IHI) 
CALL EXlT 
995 W1TE 16.9961 
996 FOUMATlIPHOENO O F  CASE/IHl) 
997 LlNElO 




C El?ROR ' 998 WRITE fdr9991*6M 











GO TO 997 
EN0 
SUflROUT1M G E N L l G X A , G Y A . G T A , G U U A ~ G W A . G X B ~ G Y ~ . G T ~ ~  
IG*UB.GW8.GXC.GYC.GTC.GMUC~GWCl 
GENERAL POlNT SUBROUTINE 
DIMENSION C A S E l 1 4 1 ~ X A l 4 0 O l ~ Y A l 4 O O ~ ~ T H E T A l 4 O O l ~ ~ M U A l 4 O O l ~  
l I A l ~ 0 0 ~ ~ C H A U A C l b ~ 7 0 O l ~ X C l 4 O O l ~ Y C l 4 O O l ~ T H E T C l 4 O O I ~  
2FMUC 1400) ,WCl4OO 1 SFMACHC 1400 ) 
COUMON C A S E I X A . Y A ~ T Y E T A ~ F ~ U A . W A ~  
lFUACHCIXC.YC.THETC.FMUC*WC,CHARAC, 
+ G M l ~ G M I 2 ~ X P ~ L I N E ~ N A ~ N C ~ N U A Y ~ M ) E P L  
AS INlX )*.TAN2 1 X(.SORT 1 I 
8l-SINlGMUBl 
Be-COS 1 GTB-GMVB I 
B3-51NlGMuA 1 
B4-COSlGTAffiMUIl 

















EQUATION l C 8 1  
EOUATION IC11 1 
G T C ~ l - G I A - G ~ A ~ C l + G W B + G W W * C 2 l / l G U ~ ~ O 4 + G U B t D ~ l  






























CENTERLIK POINT SUBROUTINE 
DIMENSION C A S E l 1 4 ~ ~ X A l 4 0 0 ~ ~ Y A l 4 O O ~ ~ T H E T A l 4 O O ~ ~ F M U A l 4 O O ~ ~  
I WA 1400 1 aCHARAC 16.700) .XCl400 I *YC 1400) .THETC( 400 1 a 






















1 PDlNT W F  CENTERLINE SUBROUTINE 
DIMENSIDN CASE114 ) vXA14001 .YA(400) .THETA 1400 I .FMUA 1400). 
I W A  1400) SCHARAC 16.700 1 eXCl400 1 .YC 1400) .THETC 1400) 8 
ZFMUCf400).1Cl~00).FMACHCl4OO) 
COWUON CASE.XA,Yb ,THETA.FMUA .UA s 
1FMACHC.XC.YC.THETC.FMUC.WC.CHARAC. 
~ G M I , G M ~ Z . X P . L I N E I N A . . N C . " R E F L  
A S I N f X ~ ~ A T A N ~ f X ~ S O R T l l ~ - X i + 2 l ~  


















EQUATION 1Ct 1 )  




SUSROUTINE BNDRY 1 B X A . B Y A . B f A ~ B M U A ~ B I A ~ B X B ~ B Y B ~ B T B ~ B M W ~  
IBIB.BXC.BYCIBTC.BMUC.~*C) 




D2-51N IBTB-BMUB 1/61 
D3~SIHlBMUB)/COS(BMUB) 
EQUbTlON 1ClE) 






SUBROUTINE SAMFM lSXB.SYB.STB*SMUB.SVB* 
ISXA.SYA.STA.SMUA,SUA.SXC,S~C.STC,SMUC,SUC) 
SAME FAMILY POINT SUBROUTINE 
DIMENS ION CASE 11 4 ) sXA1400 ) .YA 1400 ) 9 THETA 1400 1 .FMUA 1400 b 
11A1(4001.CHARACl6.700).XCl400)~YCl400l.TMTCl4OO). 
2 ~ M U C ~ 4 0 0 ) . I C 1 4 0 0 1 ~ F M A C H C l 4 D O )  
























B4-COS lSTA+SMuA 1 
EOUATlON IC231 
24 TT-SORTICI ) 
TTT-I.-TT.+L 
IC lTTTI97.26.26 
C EOUATION IC121 
26 SMUC-ASINITTI 
GO TO LB 
97 WRITE16*9Bl 
W FORATl37H SORT EM109 IN S A W *  POINT SMROVTfNEI 
za men" 
END 
S m O U T l K  TEST 
c 
C SVBROUTIIZ TO TEST FOR CROSSlNGS 






W O  GO TO<542.544).KODE 
W 2  KODE-3 
9 4  UOLX-4 
GO TO -5 
C 

















n o  
732 
No CROSSING 
LINE-L IM- (NA-NASAV) 
RETURN 





IF INC-NRAY 1725.725.724 
NRm-NRRL-1 





T m A  (NA)-THETI 
FMUA(NAl~FMU1 
WAlNAllWl 
GO TO 5110 
2 PT 1S CROSSlNG TO USE 
3 
YA fNA+2 ) 1 W 3  
GO TO 920 



































MERGES 2 CHARACTERISTIC L I E S  IF T M Y  CROSS 
1SIG-I FOR NO CROSSING 
1SIG-2 FOR CROS51NG FOUND 
DIMENSION C A S E f l 4 ~ ~ X A f 4 O O l ~ Y A f 4 0 0 1 ~ T M T A f 4 0 0 l ~ F M U A f 4 0 O l ~  
IWAf40O) .CHARACf 6,100 l.XCl400 I .YC 1400 I .TUETCl4OOl* 
2 ' M U C f b 0 0 1 . W C f ~ 0 0 ~ ~ F M A C U C f ~ O O ~  
COMMON CASE.XA.YA.TUETA.FMUA,WA, 
IFMACHC.XC.YC.TUETC.F*UC.IIC.WC.CUARAC, 
~ G * I . G M ~ ~ . X P . L I N E I N A . " R ~ Y . N R E F L  
ANGLE=-1.5707963 
I IF ITHETAfNAl+FMUAfNAl-ANGLFl 3.212 
2 I F f X C f N C ~ - X A f U A ~ >  6.5.9 





6 CALL SLITFTI2.KOOOFXI 
8 CALL SLITE 12) 
GO TO1 8.1 0 )  .LOOOR( 
GO TO I5 
1 0  NREFL-NREFL-1 
MOVE REMAINING A ARRAY TO C ARRAY AND PRINT 
I5 NA=NA+I 
NC=NC+I 
20 XCfNC-1 )*XAINA-I I 
YCfNC-I I-VAINA-1 I 
THETCfNC-I )-TUETAfNA-I I 




I FMUC INC-1) .WC f NC- I I I 
LIW-LINE- I 




990 WRITE 16.9991 





















SUBROUTINE C R O S S f X . Y . X M A X . X M I N . Y M A X . Y M l N ~  
IT1 .FMI.TE.FME.SLOPE.CB.IT) 
CUECKS A PARTICULAR P O I N T  TO SEE IF A CROSSING 
IT-1. CROSSING FOUND 
lT-2. CROSSING NOT FOUND 
CHECK C I M I T  OOX 
IF 1 Y-YM IN 1251.25 a 2  
IFIY-YMAXl4.25.E5 
I F  IX-XM IN) 25.25 -6 
IF fX-XMAXl8*2Sm25 
C M C K  CONVERGING LINES 
IF 1 f T I  +FMI I -  IT2+FM2 I I IO. 10125 




























MARKS EN0 O F  A CHARACTERlSTlC hlM AN0 
YhlTES A ?A& FOR 6 P t l m h  P L 6 t T t k i  
DIMENSlON C A S E 1 l 4 1 r X A 1 4 0 0 1 ~ Y A 1 4 0 0 1 ~ T ~ T A 1 4 0 0 1 r F M U A 1 4 0 0 1 ~  







EM) FlLE 9 
RETURN 
4 WlTEIb.8)NRAY.MCFL 
8 FORMATIlHO.2IbIIHI I 
W l T E  PLOTTING TAPE 
W lTE(9 I L l M  
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I 
FACTORS AFFECTING ROCKEP EXHAUS? SI2Z AND SRAPE 
Nozzle-exit mch number 
Nozzle --angle 
Ratio of specific heats 
8tatic pressure at nozzle exit 
Ambient static pressure 
4- where 
- V  + e  %='1 N N 
Prandtl-Meyer expansion angle for boundary Mach number 
Prandtl-Meyer expansion angle for nozzle-exit Vach number 
1 V 
N V 
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Figure 6. - Sketch of modified charac te r i s t ic  network obtained 
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